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Abstract. This is the first of a series of papers to construct the deformation theory of the 
form Schrodinger equation, which is related to a section-bundle system (M, g, /), where 
C^ , (M, g) is a noncompact complete Kahler manifold with bounded geometry and / is a holo- 

morphic function defined on M. The deformation of / will induce the deformation of the 
corresponding Schodinger equation. We will prove that the Schroinder operator has purely 
discrete spectrum if the section-bundle system (M,g,f) is strongly tame. As the conclu- 
sion, we can obtain the Hodge theory, including the Hodge decomposition theorem and the 
^ 1 Hard Lefschetz theorem. If the manifold is Stein, then the L^ cohomology of df can be 

^-^ ' computed explicitly and only the middle dimensional homology information is preserved. 

/«^v ' If the deformation rf, of / is strong, then we obtain a Hodge bundle over the deforma- 

*vj , tion space. Several operators on the Hodge bundle are defined and they can be assembled 

into a total connection SI. The integrability of S^ is obtained by proving the Cecotti-Vafa's 
equation (tf equation) and the "Fantastic equation" found in this paper, which desciibes 
r^ ' the behavior along the coupling constant r direction. We can also define a family of flat 

^^J , connections and prove they satisfy some interesting identities. 

The strong deformation of a strongly tame system includes the following interesting 
examples: 

• Marginal and relevant deformation of (C", V-1 2, dz' A dz', W), where W is a non- 
degenerate quasihomogeneous polynomial, e.g., W being the quintic polynomials 

J^ ' • Subdiagram deformation of ((C*)", V-1 2; ^A-^,/), where/isanon-degenerate 

—t ■ and convenient Laurent polynomials, e.g., f = zi + ■ ■ ■ + z„ + _*" _ . 

• The ininiversal deforination of the siinple singularities A,D,E and the parabolic sin- 
gularities Xi, Jg, P[o in Arnold's singularity list. 

As the simple applications, we can get the mixed Hodge structure, the isomonodromic 
deformation of o.d.e. with respect to t and the Frobenius manifold structure on the defor- 
mation space via a primitive vector which is defined by the oscillating integral along the 
Lefschetz thimbles. 

This work is also the first step attempting to understand the whole Landau-Ginzburg 
B-model including the higher genus invariants. Our work is mainly based on the pioneer 
work of Cecotti, Cecotti and Vafa tCelllCe2llCVl. 
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1. Introduction 
1.1. LG model and tt* geometry: the origin in physics. 

The N - 2 superconformal field theories have important role in the study of string 
theory since they can be taken as the exactly soluble toy model and meanwhile as the re- 
duction of the higher dimensional quantum field theories. The corresponding lagrangian 
of the quantum field theory is invariant under the action of the A^ - (2, 2) superconfor- 
mal group whose Super Lie algebra consists of three parts: the even part generated by 
H, P, M, the Noether charges for the time translation, the 1 -dimensional space translation 
and the Lorentz rotation; the odd part generated by the supercharges: Q+, 2_, Q+, 2_; the 
Noether charges Fy, Fa of vector L'^(l) and axial t/(l) rotations. They satisfy the following 
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commutation relations (in the sense of super Lie algebra): 

[e+,e-] = [G+,e-] = o 
[e-,e+] = [e+,e-] = o 

UFa, Q±] = +iQ±, UFa, Q±] = +iQ±. 

Here all the operators acting on the fock space (Hilbert space), and except that Q'j_ = Q± 
are conjugate to each other, all other operators are Hermitian. The symmetries will be 
broken if the Lagrangian does not preserve the corresponding invariance. The Calabi-Yau 
(T-model (ref. OKal from the view of physicists) viewed as a geometrical realization of the 
N - 2 superconformal algebra has been studied intensively by physicists and mathemati- 
cians in the past twenty years. Because of the Z2 outer automorphism of this algebra, 
the geometrical realization of this algebra induces the mirror symmetry phenomenon: The 
A-model theory in one Calabi-Yau manifold M should match the B-model theory of an- 
other mirror Calabi-Yau manifold M. The A model theory, the B-model theory and their 
mirror relations have become a main subject in mathematics since 80's (for instance, see 
the series of publications |Ya|). In each model, there are versions of closed string or open 
string theory. Here we only talk about theory about closed string. The A model theory 
has been well-understood so far. It concerns the study of pseudo-holomorphic curves in a 
symplectic manifold, in another word, studying the moduU problem of the solutions of the 
following Cauchy-Riemann equation: 

dju^O, (1) 

where u : (2, j) -^ (M, oj, J), (S, j) is a Riemann surface with complex structure /' and 
(M, CO, J) is a symplectic manifold with symplectic form ai and compatible almost com- 
plex structure J. The virtual fundamental cycle has been constructed (ref. ILiTI IFOl |Ru| ) 
and one can define the correlation functions (Gromov-Witten invariants) and the generating 
function and get the A model theory. This model is a topological field theory (or cohomo- 
logical field theory ) in which the observables are represented by the cohomological class 
of the target manifold M. If M is a Kahler manifold, the A model is supposed to be related 
the deformation of symplectic structures and the B model is supposed to be related to the 
deformation of the complex structure. The Kodaira-Spencer theory IIKol characterized the 
moduli germ of the complex structure of a compact complex manifold. So far the geo- 
metrical construction of the correlation functions for the higher genus (> 2) has not been 
finished. The genus 1 part and the holomorphic anomaly equations have been discussed by 
IIBCOV2I . The genus part (or Frobenius manifold structure) was given by Kontsevich- 
Barannikov construction |BK|. The genus 1 invariants has been defined by H. Fang, Z. 
Lu and K. Yoshikawa IIFLYI . A. Zinger |Zi| and Fang-Lu-Yoshikawa have also solved a 
conjecture of BCOV about the quintic threefold. A most recent progress has been made by 
K. Castello and S. Li lICEl . 

However, the computation of the invariants in Calabi-Yau model is rather diflicult. Ac- 
tually physicists have known anther effective way to calculate the invariants much earlier 
This is the N - 2 SUSY Landau-Ginzburg model. In the paper IIGel . Gepner found a 
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mysterious correspondence between some of the superconformal models that he had ob- 
tained by taking the tensor product of exactly soluble minimal models, and some specific 
Calabi-Yau manifolds. Further work BCGP 1 1 ICGP2l ILVWI IMEl IG VWI show that it is not 
an occasional correspondence, and it is really a correspondence between Landau-Ginzburg 
model and Calabi-Yau model. 

The simplest supersymmetric Lagrangian of the Landau-Ginzburg model has the fol- 
lowing form 

r dz^d'^eK(<:>i~^i) + i f d^zd^eW(^i) + c.cA , (2) 

where the first term is called the Z)-term and the second term is called the F-teixn and 
is given by a quasi-homogeneous holomorphic function W which is the function of the 
superfields O,. Like CY cr model, LG model has also A model theory and B model theory 
and the mirror symmetry phenomena between them. A physical description has been given 
by Witten | Wi4|, Guffin and Sharpe llGSI . The A model is related to the moduU problem 
of the following nonlinear Cauchy-Riemann equation: 

- 'dW 
du+^— ^0, 
ou 

where m : E — > M is a map from the Riemann surface to M (where the target Kahler 
manifold M is assumed to have t/( 1 ) symmetry which is the requirement of supersymmetry 
(ref. flDil)). 

However, this equation is not well-defined on Riemann surface with any genus. For 
M - C", this equation was defined via some line bundle structure (called W-structure) 
on Riemann surface by Witten. This equation for W - x'' case has been used by Witten 
HWill to construct the virtual cycle on the moduli space of r-spin curves, an attempt to 
generalize his conjecture [Wil (later solved by Kontsevich and called Witten-Kontsevich 
theorem) to A,D,E cases. A more general definition has been obtained very recently 
by Witten coupling with gauge fields |Wi2|. We call this globally defined equation as 
Witten equation. The moduli problem of Witten equation has been studied by Fan-Jarvis- 
Ruan and the corresponding cohomological field theory, quantum singularity theory, has 
been constructed in IIFJR2I |FJR3 i . They also proved the generalized Witten conjecture 
for A, D, E cases (A case solved earlier by Farber-Shadrin-Zvonkine BFSZI ). The CY/LG 
correspondence for A model has been checked in some cases by Choido-Ruan OChRll 
IChR2l . 

The B side of the LG model has intimate relation with the singularity theory (ref. 
||AGV|). Singularity theory (or catastrophe theory) studies the germ of the singularity of a 
holomorphic functions. To get the information of the singularity, one must use the defor- 
mation of the given holomorphic function. Based on the deformation parameter space, the 
topological and geometrical structure of a singularity appear. Similar things happened in 
physics. Zamolodchikov |Zam| use the deformed massive Conformal field theory to study 
the conformal one. Like in CY model, the observables, correlations functions and partition 
function occupy the central position of LG model. In the papers, I CGPTl ICGP2I ICe fl ICe2l . 
the Chiral ring structure has been studied. In particular, in [CelJ . liCVl . the tf equations 
has been founded which induces an integrable connection on the vacuum bundle. The 
discovery is remarkable, and we call this equations as Cecotti-Vafa's equation. A real- 
ization of the CV equations is to use the supersymmetric quantum mechanics. Given a 
holomorphic function /, one can obtain the twisted operator dj - d + df/\. Like the 
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Study of d operator in compact Kahler manifold, the operator df induces a series of oper- 
ators df,d r. A/ = dfdr + d'fdf.... This will induce the Hodge theory and Hard Lefschetz 
theorem as in compact Kahler manifolds. Those ingredients were conjectured by these 
physicists. In Cecotti and Vafa's paper, ICVJ . Page 41, they speculate the existence of 
a generalized special geometry (compare to the Variation of Hodge structure in compact 
Kahler manifolds). 

However, there is a fundamental problem not solved hidden in their formulation: 

Problem 1.1. Is the zero spectrum of these Schrodinger operators a discrete spectrum? 

Since / is a holomorphic function defined on C", C" is a complete noncompact mani- 
fold, it is not necessary that is the discrete spectrum of the minimal self-adjoint extension 
of the schrodinger operator Af. It is quite easy to find an counterexample such that zero 
is a continuous spectrum. In this case, the Hodge decomposition theorem does not hold in 
the usual form as in the compact Kahler manifold and then all the conclusions based on 
Hodge decomposition theorem are ineffective. 

Furthermore, to get the Cecotti-Vafa's equation, one has to frequently use taking deriva- 
tives with respect to the deformation parameters and sometimes using Stokes integration 
formulas. To justify all of these operations, one must study carefully the analytic properties 
of the Schrodinger equation and its solutions. 

The Cecotti-Vafa's equations is very important. It provided and will provide many 
integrable systems and meanwhile provide the (topological) solutions. On the other hand, 
the authors in [CFIVJ have founded a new supersymmetric index Tr{-l)^Fe^'^^ for a 
system with Hamiltonian H compared to the Witten index T r(-\Y e^'^^ llWil and this index 
as the function of jS satisfies an differential equation and has tight connection with the 
Cecotti-Vafa's equation. Some examples in ICFIVI show that the index will introduce 
some integrable systems. The author actually asked the following question: 

Problem 1.2. Explain why the new index satisfy the Cecotti-Vafa's equation while sat- 
isfies an integrable differential equation (original: coupled integral equations from TBA, 
thermodynamic Bethe Ansatz, ref |Zam|j with r as the variable? 

1.2. tt* geometry: progress in mathematics. 

Mathematician began to realize the importance of tt* equations only ten years later 
after Cecotti-Vafa's discovery. In BHetl l. C. Hertling found that the tt* equations and 
the induced integrable structure are naturally related to the Frobenius manifold structure, 
which was introduced by B. Dubrovin in the study of topological field theory in the early 
of 90's IIDu2||Du1|Du3I . Such a structure is a geometrical description of some integrable 
systems, among them, the WDVV equations, the isomonodromic deformation of linear 
differential systems |Man1. However, such structure was found more earlier, in the earlier 
of 80's, by K. Saito in the study of the universal deformation of hypersurface singularities 
IISail|[S52llSai3IISTl . The flat structure comes from the existence of the "primitive forms" 
called by K. Saito. K. Saito solved the existence for some examples, and the general cases 
were solved by M. Saito via solving the Riemann-Hilbert problem on P' |Sm Hetl |. 

The key concepts in IHetll defined by Hertling after he studied Cecotti-Vafa's work are 
the TERP structures (or TLB? structures). He compared the trTERP or trTLEP structure 
with other known structures, including Variation of twistor structure by C. Simpson lISil . 
the Cecotti-Vafa's structure, Frobenius type structure and the classical Variation of Hodge 
structure and mixed Hodge structure. The relation between CV structure and Frobenius 
type structure has been studied by Sabbah LSaJ . The combination of CV structure and 
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Frobenius type structure defined on the holomorphic tangent bundle of a complex mani- 
fold will introduce the so called CDV structure BHetll . Essentially, CDV structure is the 
Frobenius manifold structure plus an extra compatible real structure defined on the real 
tangent bundle. A most recent work on these structures has been done by J. Lin OLinl . 

In MHetll . Hertling has also constructed a TERP structure for the germ of any hypersur- 
face singularities by using the oscillating integration. Consequently, the primitive forms 
used to define the Frobenius manifold are just horizontal sections of the connection and 
meanwhile are the eigenfunctions of the index operator (new supersymmetric index by 
CFIV) and consists of a one-dimensional space. This avoid to use M. Saito's existence 
technique. 

Globally, the oscillating integrals and the Fourier-Laplace transformation technique has 
been used by Sabbah llSa2IISa4 1. DouaifDo] to construct the Frobenius manifold structure 
for a holomorphic function defined on an affine manifold (with more or less standard met- 
ric), in particular, for the non-degenerate convenient Laurent polynomials defined on the 
algebraic torus. The simplest among them is z+ ^, which is known to be the LG mirror of 
the Fano manifold CP' . 

So to my understanding, the tt* geometry arises from Cecotti-Vafa's equation and de- 
veloped to a TERP structure by Hertling. It is a generalization (or a complement ) of VHS, 
twistor structure and Frobenius manifold structure. To obtain a TERP structure from a 
geometrical structure is a more difficult work. 

Because of the essence of the N - 2 superconformal algebra, the TERP structure should 
be a universal property and is possible to be defined on the abstract algebra. This construc- 
tion has been done by Iritani IQ and should also exist on Fan-Jarvis-Ruan's quantum 
singularity theory fFJRTl and even other higher dimensional models. 

Though some progress has been achieved, in particular, in the study of singularity the- 
ory. There are many problems untouched by mathematicians so far. One of the most im- 
portant side of CV's equations is its relation to integrable systems. It is unlikely a natural 
way for algebraic geometry to generate a new integrable system, in particular an integrable 
partial differential equations and write down the explicit solution and study its asymptotic 
approximation formula at the degenerate point of the deformation space. The problems 
arising from physics and mathematics in the study of tt* geometry are the start point of our 
present research. 

1.3. Our deformation theory of Schrodinger operators. 

This paper is the first of a series of papers attempting to understand, explore and comple- 
ment the geometrical structure concerning the tt* equations that physicists have discovered. 
We will construct the mathematical foundation of the deformation theory of the supersym- 
metric quantum mechanics associated to a tuple (M,g,f). The tuple {M,g,f) consists 
of a complete noncompact Kahler manifold with metric g, which has bounded geometry 
(see Section for an explanation), and a holomorphic function / defined on M. We give a 
name to it: section-bundle system. The reason is that (M, g, f) is equivalent to the tuple 
(M xC,g® gE, s), where s = r/ is the section of the trivial bundle M x C, where r is the 
coordinate of the fiber C and gE is the standard Kahler metric on C. This viewpoint would 
be very important for the later generalization |FT|. For the section bundle system (M, g, /), 
one obtain a twist operator df -d + df/\ acting on the space Q*(M) of smooth fc-forms and 
its formal conjugate operator 5l with respect to the Kahler metric g. So we can define the 
twisted Laplace operator A/ = d\df + d/dl. These operators have closed extension to the 
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space L^(A*(M)) of L^ A;-forms. Notice that these operators only keep the real grading of 
forms and do not keep the Hodge grading. We require the restriction of the section-bundle 
system (M, g, f) to be strongly tame, which will be given in Definition |2.39l 

Definition 1.3. The section-bundle system is said to be strongly tame, if for any constant 
C > 0, there is 

|V/|2 - CIVVI ^ 'x,, as d(x, xo) ^ oo. (3) 

Here d(x, xq) is the distance between the point x and the base point xq. 

For strongly tame section-bundle system (M, g, /), we have the fundamental theorem in 
this paper: 

Theorem 1.4 (Theorem 12.401 ). Suppose that (M,g) is a Kdhler manifold with bounded 
geometry. If [(M.g), f] is a strongly tame section-bundle system, then the form Laplacian 
Af has purely discrete spectrum and all the eigenforms form a complete basis of the Hilbert 
space L^A'iM)). 

This theorem can deduce the following conclusions: 

CoroUary 1.5 (Theorem l2.42l and Theorem l2.49l ). The section-bundle systems (C", i Yjj dz-'A 
dz-', W) and ((C*)", / Z j ^ A ^, /) are strongly tame, if 

• W is a non-degenerate quasi-homogeneous polynomial with homogeneous weight 
1 and of type (qi,- ■ ■ , qn) with all qi < 1 /2. 

• f is a convenient and non-degenerate Laurent polynomial defined on the algebraic 
torus (C*)". 

Therefore, the corresponding form Laplacian has purely discrete spectrum and all the 
eigenforms form a complete basis of the Hilbert space L^(A'{M)). 

Note that the conditions for W and / in the above corollary are equivalent to the facts 
that the hypersurface defined by {W = 0) in the weighted projective space and the hyper- 
surface defined by {/ = 0) in the toric variety are smooth. Therefore, the above theorem 
says that for any smooth hypersurface in the weighted projective spaces or in the toric 
varieties there is a corresponding strongly tame section-bundle system such that the form 
Laplacian has purely discrete spectrum. 

Theorem ll.4l is based on an important spectrum theorem, Theorem l2.7l of Kondrat'ev- 
Shubin fKSl for scalar Schrodinger equation. We can prove that the form Laplacian for 
strongly tame section-bundle system is the compact perturbation of the scalar Schrodinger 
operator. So the scalar and the form cases have the same spectrum properties. 

Once we have the fundamental spectrum theorem, we can proceed as in the case of com- 
pact Kahler manifold. We can obtain the Hodge decomposition theorem, Theorem l2.52l 
and the Hard Lefschetz theorem, Theorem l2.58H2.60l The proof of the Hard Lefschetz the- 
orem is due to the Kahler-Hodge identities and the N -2 superconformal algebra structure 
for those twisted operators. 

However, unlike in the compact case, we need compute the L^-cohomology, at best in 
terms of the topological data of the section-bundle system. We have 

Theorem 1.6 (Theorem l2.66l l. Let (M, g) be a Kdhler stein manifold with bounded geom- 
etry and (M, g, f) be strongly tame. If f is a Morse function, then 

t \Q, k <n 
dim^* ^l (4) 

\p, k - n. 
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and there is an explicit isomorphisms: 

ioh ■■ J^" -^ Q."(M)/df A Q."-\M). (5) 

Here ji is the number of critical points of f. 

Then we go to the deformation theory in Section 3. We study the strong deformation 
(Definition |3.8t of a strongly tame section bundle system (M, g, /). The strong deformation 
contains the following cases: 

• The marginal and relevant deformation of (C", / Yjj dz^ ^ dzK W), where W is the 
polynomial as in Corollary 11.51 In particular, including the universal unfolding 
of the simple singularities A„,D„,E(„E-i,E^, and the singularities Pi,Xg,J\Q in 
Arnold's Ust I AGV I . 

• The deformation ((C*)", / Yjj ^ ^ ^^'''ft), where /, - f(z, t) is the polynomial as 

in Corollarv ll.51 In particular, this including the deformation: z\ + ■ ■ ■ + Zn + tttt 
which is the mirror of CP" and its subdiagram deformation. 
Note that the above list contains many important cases: 

• corresponds to the deformation theory of smooth hypersurfaces in (weighted) pro- 
jective space. 

• corresponds to the minimal model A,D,E cases studied in physics and in Given- 
tal's formal Gromov-Witten theory llGil . 

• Pi,Xg,JiQ has central charge 1 and corresponds to the elliptic curves and modular 
forms. 

• corresponds to the LG model mirror to the toric Fano varieties in toric geometry 
(ref. IHia, BYl). 

All of our conclusions in this paper can be applied to the strong deformation of a strongly 
tame section-bundle system. 

Section 3 is the analytic kernel of the deformation theory, the similar role as in the com- 
pact deformation theory in projective space. There are some difference. In our case, we 
have a fixed background manifold and the deformation takes places when the superpoten- 
tial function changes and this makes the life easily than in the compact case. On the other 
hand, since the manifold is non-compact, one must treat all the related quantities in infinite 
far place, i.e, treating the infinite far boundary. Usually this is very difficult if the potential 
function has bad behavior at the infinity. In our case, we have maximum principle which 
controls the asymptotic behavior of the eigenforms, and the Green functions at the infinity. 
The interior estimate can be obtained via the routine technique from elliptic differential 
equation of second type. We have the following conclusions: 

• Any eigenform of the Schrodinger equation is exponential decaying and the weighted 
C* norms which involving the potential of its higher derivatives are exponential 
decay. This is given by Proposition 13. 441 The similar conclusion hold for Green 
function which is given by Proposition l3.47l 

• The asymptotic behavior of the Green function G{z, w) as z -^ w is given by 
Proposition [3 .48 1 

• The existence and the regularity of the solutions of the non-homogeneous equation 
are given by Theorem |3.35l 

Based on those estimates, we obtain Theorem l3.40l the continuity theorem of the eigen- 
values. The stability theorems are given by the differentiability theorems. Theorem 13.5 II 
I3.52l and l3.53l which shows the differentiability of the resolvent operators, projective opera- 
tors and the Green functions with respect to the deformation parameters. In particular, this 
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shows that the eigenforms are C°° difFerentiable with respect to the deformation parameter 
if the deformation is strong deformation. 

Therefore Section 2 and 3 has answered the Problem 1 . 1 in the most interesting cases 
and meanwhile proved the differentiability and decaying estimate problems after Problem 
1.1. This gives a rigorous mathematical foundation for Hodge theory related to the differ- 
ential geometrical structure of the twisted operators. The decaying estimate of eigenforms 
also allow us applying the L' -stokes theorem to eigenforms. 

Now we go to Section 4. Let /r.rCz) := fAz) := Tf(t,z) be a strong deformation defined 
on C* X 5 X M, where S c C" is a domain and C* = C - {0). Then there is a family of 
deformation operators Ay;, df^,df^,d[,d[ which depend on the parameter (r, t) e C* x S 
and the corresponding space of harmonic forms ^* depending on the parameter (r, t). 
Therefore we obtain the Hodge bundle J^* — > C* x 5 which is the subbundle of the trivial 
complex Hilbert bundle A^ :- L^A' xC* xS ->Cx5.We have the ordinary derivatives 
drOa, diOa, dfOa, d]aa. The covariant derivatives Z)^, ... are defined as the projections of 
the ordinary derivatives to the perpendicular subspace of the space of harmonic forms. 
The multiplication operators (marginal operators) /, dif, d]/ are defined as the unbounded 
operators acting on the Hilbert bundle and their restrictions to the Hodge bundle are defined 
as the operator '^ ,Bi, '% , Bi. The metric on ,yf is naturally obtained by the background 
metric g. The connection D+D is the Hermitian connection with respect to g. The ordinary 
real structure tr is compatible with D. The commutation check of those operators induces 
the first family of equation, Cecotti-Vafa's equations (or tt* equation) given by Theorem 

EH 

DiBj = DiBj = 0, DiBj = DjBi, D/Bj = DjB- 
[Di,Dj] = [D^,Dj] = [Bi,Bj] = [Bj,Bj] = 
[Di,Dj]^-[Bi,Bj]. 

However, we found that this is not the total story and some information has been missed 
in the previous study of tt* structure (even in physics literatures), the information coming 
from the coupling parameter r. Actually the related operators are /, tDj, '^i/j and their con- 
jugates. After a carefully check, we find the second family of equations given by Theorem 
14.241 which is called by us as Fantastic equations, 

(1) [Di,%-\ + [Bi,TDr] = 0, [Dj,^,] + [B-,fDf] = 

(2)[A-,'^t]=0, [D-,^r]^0 

{3)[fDf,Bi]^[TDr,Bj]=0, 

(4)[B,-,'^,]=0, [B-,€r]^0 

(5) [TDr,I>i] = -m,B.], [fDf,Di] = -m,Bi] 

(6)[rD„A] = [fD,,Dj]=0 

(7)[TD„'^,] = [fD,,'^,]=0 

(8)[TDr,fDf]^-[^r,%] 

In the same way as done in ICelllCVll . a connection ^ combined with all the operators 
Di, rDr, Bi, ^r and their conjugates is obtained, which is a nearly flat connection by Theo- 
rem l4.25l i.e., i^^ = mod ^■'". We call it as the Gauss-Manin connection of the bundle 
Jif — > C* X 5 . To obtain a flat connection, we will transfer the structures on Jf to another 
related bundle Jif^^top in Section l43] 
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From Section |4J1 one assumes that M is a Kahler stein manifold so that by Theorem 
12.661 only the middle dimensional (co)homology information is preserved. 

Let H^ ^ C* xShe the relative homologic bundle with fiber //® ,j = H„{M,f-^°°^, C). 

Then J^,,„p ^ C*xS is the dual bundle of i/® ^ CxS with fiber ^^J;'], = H"(M,f-J^,C)- 
The intersection pairing, Poincare duality, Witten index, periodic matrix and much con- 
cepts have been discussed in this section. We define the bundle homomorphism i/zq : 

[Ma)](T, t) = e-^"'+^<"ia'(T, t) -. S, (r, t) e C* X S. (6) 

Similarly, we have the homomorphism ifr^ : J^ — > Jf^^top as 

[i//s,(a)](T, t) = e-f'"'-f'"'a{T, t) := 5+, (r, f) e C* x S. (!) 

We can prove the following conclusion. 

Theorem 1.7 (Theorem l4.54l ). The bundle map tpe provides an isomorphism between two 
real Hermitian holomorphic bundles: {J^e, g, tr) and (J^^wp, g, tr) and the same for i^®. 

Here the metric g is defined in Section |431 Furthermore, by integrating S~ along the 
corresponding Lefschetz thimble, we can obtain the horizontal section 11^. Furthermore, 
we can prove 

Theorem 1.8 ("Theorem l4.61l ). The correspondence between (J^ejop^S^, D + D,f}, tr, *) 
and iJ^,top, n^, ^j 0, tr, *) is an isomorphism between two real Hermitian bundles with 
the associated Hermitian connections. 

In fact, we obtain the important conclusion: 

Theorem 1.9 (Theorem 14.58b . The Cecotti-Vafa equations and the Fantastic equations 
hold on J'iCejop — > C* X 5,„ and the connection '3 is flat. 

Here Sm <z S is the set of (t, t) such that /(^_,) is a Morse function. 

A very important fact is that the equation &Yir - and its solutions H" are given 
explicitly in terms of the wave functions «„ of the Schrodinger equation Ay; - 0, where 
the Schrodinger equation can be defined in a more complicated manifold M except the 
standai-d C" or (C*)". 

In Section 14.41 we discuss a family of flat connections V*^- ' by gauge transformation. 
The gauge transformation is used to change the (0, l)-part of S^ into d. The derivatives 
of V'''' provides another family of flat connections satisfying some interesting identities. 
The gauge transformation transforms the horizontal sections H^ into the horizontal and 
holomorphic sections 11,7''. 

So far, by considering the deformation theory of the Schrodinger equations, we have 
obtained the tt* geometry that physicists hope to get. tt* structure can deduce many in- 
teresting structures. It induces the mixed Hodge structure in Section 14.51 while inducing 
the isomonodromic deformation in Section 14.5.31 In Section 14.71 we can obtain the har- 
monic Higgs bundle structure. In Section l4~6l we will compute the periodic matrix and 
the primitive vector based on S',', c Sm. In some situations, e.g., (C", W) or ((C*)",/), the 
computation can be simplified. In particular, in (C", W) case, the primitive vector is given 
by the following oscillating integral: 

n"° - (Yl'° ■ ■ ■ UT'")^ 

n-° = T"^2-lg-A . r gT/+r/^^l ^...^^^^ (8) 
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which is defined in 5],. 

Via this primitive vector, we can construct the Frobenius manifold structure in Section 



1 .4. Relation to other mathematical branches. 

Naturally, the deformation theory of Schrodinger operators have very tight connections 
with many mathematical branches. We will describe simply the connections what we knew. 

1 .4. 1 . Singularity theory. 

tt* geometry was firstly considered by experts studying the singularity theory. The first 
Frobenius manifold structure for the universal unfolding of a hypersurface singularity was 
founded by K. Saito and later developed by M. Saito. Though our theory can only treat the 
universal unfolding of singularity with central charge c < 1, it deserves to build the detail 
correspondence. One big difference is about the existence of primitive form (primitive 
vector). In our case, this is obtained naturally (even given by explicit form) by the period 
matrix. In M Saito's theory, this was obtained by solving Riemann-Hilbert problem on P' . 

For the other hypersurface singularities, the best treatment is to consider the boundary 
value problem of Schrodinger operators, which will help build the local theory. Hence 
in some sense, the singularity theory can be described in the framework of differential 
geometry. 

1.4.2. Deformation theory of hypersurfaces. 

Since the deformation theory of Schrodinger operators can be applied to the defining 
functions of smooth hypersurface in a (weighted) projective space. It is natural to compare 
the VHS and period mappings in two sides. The VHS in projective space was proposed by 
Grifitths, and developed by Deligne, Schmidt,Shrenk,... and many mathematicians. The 
same comparison can be done for toric hypersurfaces. One should compare with Batyrev's 
workim 



1.4.3. Topological field theory: CY/LG correspondence and mirror symmetry. 

The deformation theory of Schrodinger operators can be seen as the mathematical the- 
ory of Landau-Ginzburg B model. One can compare the Frobenius structure with LG A 
model, Fan-Jarvis-Ruan's quantum singularity theory to check the mirror symmetry. On 
the other hand, one can check the LG/CY correspondence: compare with Kontsevich- 
Barannikov's Calabi-Yau B model. This correspondence will generalize many results ob- 
tained by physicists and generalize the correspondence from the chiral ring structure to 
Frobenius manifold structure. 

In Manin's book |Ma|, some different Frobenius manifold structures were proposed, 
they are: the isomonodromic deformation of linear differential system, Saito's Frobenius 
manifold structure from singularity theory, Kontsevich-Barannikov's construction on CY 
manifold and formal Frobenius manifold from quantum cohomology theory. Recently, the 
Frobenius manifold structure from Fan-Jarvis-Ruan's quantum singularity theory also ap- 
pear Some attempts has been done (ref. IHMII . OChR 1 1 IChR2ll ) to identify these structures 
by comparing the initial data. The deformation theory of Schrodinger operators build the 
rest one corner of the whole theory and provide the hope to build the direct geometrical 
correspondence between those structures. 
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1.5. Further problems in the deformation theory. 

There are many subsequent problems. We will study the relation of the connection '2 
with various structures such as CV-structure, TERP-structure, and Saito-Frobenius Struc- 
ture in our following papers. Also we will discuss the DGBV algebraic structure induced 
by our deformation theory. After make clear all the relations, we will turn to the computa- 
tion of the Frobenius manifold structures. 

There are also two challenge directions. One is to study the integrable systems and 
their transformations coming from such a deformation theory. The other is to use the 
quantization method to capture the information from the deformation theory and try to 
construct the higher genus invariants for LG B-model. 

Finally the deformation theory of Schrodinger type equations should exist not only for 
the trivial section-bundle system (M x C, M, g, r/), but also for the other more complicated 
section-bundle systems. For instance, the model relating the complete intersection CY 
model. 

1.6. Acknowledgments. The idea of this paper appeared very earlier, and I reported sev- 
eral times in different conferences beginning from my talk in Peking university in January, 
2010. I have chance to talk with many mathematicians, T. Milanov, Y. Ruan, C. Hertling, 
K. Saito, G. Tian, P. Griffiths, E. Witten and etc. 1 would like to thank them for their pa- 
tience and the helpful suggestions. In particular, 1 would like to thank K. Saito, who spent 
a lot of time to discuss with me and pointed out many problems when 1 begin to write this 
paper Most of this paper has been written when I visited Princeton University in the fall 
of 2010. 1 appreciate Prof. G. Tian for his interests to my work and the kind invitation to 
visit Princeton. 1 also want to thank Prof. Alice Chang for her arrangement and thank the 
math department there for hospitality. 

1 would like to thank my landlord Mrs. Mei-Yu Tsai for providing me a comfortable 
living place and for the generous help when 1 was in Princeton. Finally, this paper is also 
dedicated to Mrs. Grace G. in the memory of all she gave me in my hard time. 

2. Differential geometry of Schrodinger operators 
2.1. Preliminary of functional analysis. 

2.1.1. Min-max principle. We write down the Theorem XIII. 1 of [RSI : 

Theorem 2.1. Let H be a self adjoint operator of a Hilbert space that is bounded below, 
i.e., H > CI for some C. Define 

fi„iH)^ sup UHi<P\,--- ,lfin-l), (9) 

where 

Univu- ■■ ,f,r,)^ inf (iff,Hif,). (10) 

*eD(H);||*||=l 
tl/ellfit,-,f:,,V 

where D{H) represent the domain ofH and [ipi,- ■ ■ , ip„]^ is the perpendicular comple- 
ment space of the subspace [ip\,- ■ ■ ,ip„] generating by (fi,- ■ ■ , ip„,. 
Then for each n, one of the following two conditions must hold: 

(1) there are n eigenvalues (counting multiplicity) below the bottom of the essential 
spectrum and n„(H) is the n-th eigenvalue (counting multiplicity); 
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(2) iJ.„ is the bottom of the essential spectrum, i.e., ij.„ — inf {A\A e crgss(H)} and in that 
case jin — iin+i — /Un+2 = ■ ■ ■ and there are at most n — I eigenvalues (counting 
multiplicity) below fin- 

2.1.2. Discreteness of spectrum. The following theorem which was the Theorem XIII. 64 
of IRS I gives the equivalent conditions that the self-adjoint operator H has only discrete 
spectrum. 

Theorem 2.2. Let H be a self-adjoint operator that is bounded below. Then the following 
conditions are equivalent: 

(1) (H — ju)"' is compact for some p e p(H). 

(2) (H — pY^ is compact for all p € p(H). 

(3) {(// e D(H)\\\tff\\ < 1, \\Hi//\\ < b} is compact for all b. 

(4) {i// € D(H)\\\tff\\ < 1, (Htff, i//) < b} is compact for all b. 

(5) There exists a complete orthonormal basis {^„)^j in D(H) so that H(p„ — pi,ifi„ 
with pi < p2 < ■ ■ ■ and p„ — > oo. 

(6) Pn(H) — > oo where p„(H) is given by the min-max principle. 

2.1.3. Compact perturbation. 

Definition 2.3. Let Hq be a self-adjoint operator with domain D{Hq) and H\ be a symmet- 
ric operator with domain D{Hq) c D{H\). H\ is said to be //o-bounded in form with bound 
a, if there exists a constant b such that for any ijj € D(Hq) the following holds 

\(Hii//,if/)\ < a(Hoip,iJ/) + b(,p,i^). 

Moreover, if for any a > 0, there exists a b such that the above inequality holds, then Hi is 
said to be //o-compact. 

It is known that if a < 1, then Hq + H\ is also self-adjoint operator. 

Tlieorem 2.4. Let Hq be a semibounded self-adjoint operator with only discrete spectrum. 
Let Hi be a symmetric operator which is H^-bounded with bound a < \. Then the self- 
adjoint operator H - Hq + Hi has only discrete spectrum. In particular, if Hy is Hq- 
compact, then H has only discrete spectrum. 

Proof. Since 

\(Hn//,iJ/)\ < a(Ho>p,i^) -\- b(i//,ij/), 
We have for any i^ e D(H) = D{Ho), 

(Hi/,, «A) > (1 - a)(Hoip, (A) - b(i//, I//). 
By Min-max principle, Theorem |2.1| we have 

Pn(H) > (1 - a)p„(Ho) - b. 
By Theorem 12. 21 we know that iu„(H(i) — » oo as n — > oo. Hence 

p„(H) -^ oo, 



So by Theorem l2.2l again. we know that H has only discrete spectrum. n 

In 1934, K. Friedrichs [Fr| has proved the following theorem (see Theorem XIII. 67 of 
llRSl): 
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Theorem 2.5. Let V e Lj^JW') be bounded from below and suppose that V{x) — > oo, as 
\x\ — ^ oo. Then Hq — —A + V defined as a sum of quadratic forms is an operator having 
compact resolvent. In particular, Hq has purely discrete spectrum and a complete set of 
eigenfunctions. 

This theorem was generaHzed in many cases. Here we will use the Theorem of Kondrat'ev- 
Shubin about the Schrodinger operators on manifolds with bounded geometry. 

2.1.4. Bounded geometry. Let {M,g) be a n-dimensional connected complete Riemann- 
ian manifold with metric g. (M, g) is said to have a bounded geometry, if the following 
conditions hold: 

(1) the injectivity radius ro of M is positive. 

(2) \V"R\ < C„, where V™/? is the m-\h covariant derivative of the curvature tensor 
and Cm is a constant only depending on m. 

Example 2.6. Let M be a compact Kahler manifold, and D — Yfi^i Di a normal crossing 
divisor in M. Let M - M - D and i, be the defining section of £),, and | ■ | be a Hermitian 
metric on the associated line bundle [D,] with \si\ < I. Then we have the Poincare metric 
u) associated to D given by 

p 
w = Cw - 2 2 flfafHogC- log k,ft, , 

(=1 

for sufficiently large C. Here a> is the Kahler form of the manifold M. Locally, the neigh- 
borhood near the divisor is given by polydisc of the form (A*)* x A""*^ and the classical 
poincare metric on A* is given by 

/ dzdz 

However, this metric has zero injective radius. To get a bounded geometrical structure, 
Cheng-Yau LCY| introduced the local quasi-coordinate system. 

For (A*, (JJ^^), the quasi-local coordinate system is defined as follows: for any < 77 < 
3 /4, define the coordinate map 

d>Jv) = exp(— ^^^— — ), Vv e A3/4. (1 1) 

Then ^rie{Q,\)<l>ri{^iiA) covers A* and the pull-back of the classical Poincare metric 

^ i dv A dv 

^"^"^'^=2;^T^M^ 

is independent of 77. One can check this metric has bounded geometry. For a polydisc 
(A*)*^, one can take the coordinate system 



y, = (A3/4)*xA"-^V77 = (77l,■■ 


■,/?*)£ (0,1)*. 


with coordinate map: 




%iv) = (0;;,(v),--- ,(p,j„Vk+u-- 


■,v„),Vvey,. 



where (p^^ = (/>,,, which is defined before. So U,,j=(()j)iO,,(y;j) gives a quasi-coordinate sys- 
tem such that the pull-back metric <l'*(w) has bounded geometry. Hence via the quasi- 
coordinate system, (M, ai) has bounded geometry. The reader can refer ICYII and IIWdTl 
IWd2l for the proof. 
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The Laplace-Beltrami operator on scaler functions on M is defined as 

1 d ijdu 

A -(ygg — ^). 

■\/g dx' dx-i 

where (x' , ■ ■ ■ , x") are local coordinates, g - det(gy) and (g'J) is the inverse matrix of the 
metric matrix (^,7). Let V{x) be a smooth potential function defined on M. The Schrodinger 
operator is 

//o = -A + y(x). (12) 

Theorem 2.7. Assume that (M,g) is a Riemannian manifold of bounded geometry, Hq — 
-A + V is the Schrodinger operator with a locally L^-integrable potential V(x) which is 
semi-bounded: 

V(x) >-C,xe E. 

There exists c > 0, depending only on (M, g) such that the spectrum cr(H) consisting of 
only discrete spectrum if and only if the following condition is satisfied: 

(D) For any sequence {xk\, k — 1,2,- ■ ■} <Z M such that x* —> 00 a^ A: —> 00, for any 

r < ro/2 and any compact subsets Ft C B(xk, r) such that Cap{Fk) < cr"^^ in case 

n > 3 and cap(Fk) < c(ln -)"' in case n — 2, 



Jb(. 



V(x)dvolE — > CO, as A: — > 00. (13) 

JB(xt,r)/Ft 

Here Cap(Fk) for n > 3 means that the harmonic capacity of the set Fk in the normal 
(geodesic) coordinates centered at Xk, and for n — 2 it means the same capacity with 
respect to a ball B(0, R) of fixed radius R < rQ. 

The following is the definition of the harmonic capacity 

Definition 2.8. For any compact set F c Q., the harmonic capacity of F with respect to 12 
is 

CapaiF) = I I IVmI^Im € C^(Q), u = Inear F, < m < 1 in Q 

An easy corollary similar to Friedrichs' theorem is: 

Corollary 2.9. If the potential V{x) is locally L^-integrable and is semi-bounded: 

V(x) >-C,xe E. 

Then ifV(x) — > 00 as d(x, xq) — > 00, the spectrum of the Schrodinger operator H — —A + V 
has only discrete spectrum. Here xq is fixed base point on E. 

2.2. Example: Complex harmonic oscillators. 

2.2.1. Witten deformation. 

Let / be a C°° function on a n-dimensional Riemannian manifold M. Then this forms a 
simple model of section bundle system (M xR,M,fr :- t/). 

We can choose a local orthonormal basis {e', ■ ■ ■ , e") of the cotangent bundle around a 
point p and denote the dual basis as {ei, ■ ■ ■ , e„}. Define two operators 

a^ j - e-'A, ak - i(ek), (14) 

where i(ej^) is the contraction with the vector field e^. The two operators satisfy the com- 
mutative relations: 

[a'j,a'i] - 0, [aj,a^k] - 5jk, [aj,ak] - 0. (15) 



16 HUIJUN FAN 



Define the operators acting on the space of p-forms A'^(M): 

dj'^d + TdfA = e-''''^ odo e^'f, dl = e''''^ o d* o e'^''^ ^ d* + Lijdf) 

and the Laplace operator 

Uf^ - df^d*f + d*fdf^. 
The Laplace operator has the following form: 

D/^ = -A + T J]v,V,/(aV/ + flVi) + T'|V/P, (16) 

kj 

where A is the Laplace-Beltrami operator of M. 

This is just the Witten deformation Laplacian in Riemannian geometry. In particular, 
by studying the spectrum behavior of D/^, one can obtain the Morse inequality (See |Wi|). 

2.2.2. real \- dimensional harmonic oscillator . 

The simplest section-bundle system is given by (R x R, R, / = Ttx^) for t > 0. Now the 
operator ( fTSI l becomes 

-A + 4Tf(fl"'fl) + Af-p-x^ : A'' -^ A^. 

For /? = 0, we have 

dx^ \ c/(V2f7x)2 / 

which is precisely the harmonic oscillator and has eigenvalues 

Ak =2fT(l +2k),k^0,l,--- , 
and the corresponding eigenfunctions: 

I ; _(V2ra£ 

uici yltTx) - Hk{ V2tTx)e 2 , 

.2 

where Uk(x) - Hk{x)e~^ are the eigenfunctions of the standard Harmonic oscillator 

d^ 



dx^ 



and Hk{x) axe the Hermitian polynomials 
For p = 1 , if we set (/; = udx, we have 

, d^ 



I d^ 2 2 2 \ 

■^ip — T-M + At T X u + 4tTu dx. 



which has the eigenvalues Ai^ + 4tT - 2tT{3 + 2k), k - 0, 1 , ■ ■ ■ , and the corresponding 
eigenforms are 

(fim - Umdx. (17) 

The smallest eigenform is 

,^0 = e-^'^'dx. (18) 

In general, one can consider the SBS (R" x R,R",/ - T^jjtjX^j). The operator (fT6] l 
becomes 

- Z £2 + 4r X(0« '";«.) + 4r2 J] t]x] : A'^ -. K" 
j J J J 
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Let uij. Am be the eigenfunctions and eigenvalues of the J-th harmonic oscillator j-j + 
4T^fix^:, then the total eigenforms are 

M^i ■■■ul^jlx^ A ■ --dxP, 

and the eigenvalues are /f^^ + ■ ■ ■ + /l[J,_ + 4t Yjj tj- These eigenforms form a basis in 
L^A^(R"). The smallest eigenvalue is 6tYjj tj and the corresponding eigenform is 

^0 = e-^('>^?+-+'"4)t/x' A ■ ■ ■ A dx^. (19) 

2.2.3. complex l-dimensional harmonic oscillator. 

Now we consider the section-bundle system (C x C, C,/^ = tz^). Then we have the 
twisted operator d/^ - d + dfrA, the conjugate dl , and the complex Laplace operator (see 
next section for the computation) 

+ 2(Tfl"'"fl + ffl"'fl) + 4|t|2|z|2 ; ap ^ ap 



dzdz 



If /? = 0, then Ay;M = has only zero solution. If p - \ and set ip - udz + vdz, then we 
have 

A/,^ = (-^ + 2tv + 4|T|2|z|2„jrfz + Ll^ + 2fM + 4|T|2kpvjflfz 

Let // := -^^ + 4|t|^|z|^, and define a C linear operator t; : A' — > A' given by 

f{udz + vdz) - (rvdz + fudz). 

Then f^(v') = \t[^>P, i-C-, tr := l/|T|f defines an involution (real structure). Now we can 
show that 

A/^trv? = trA/^9?. (20) 

This shows that Ay; can be reduced to two operators acting on the two eigenspaces E± of 
tr with respect to the two eigenvalues ±1. (f = udz + vdz e E± iff 

TV — +\t\u, and fu — +\t\v. 

Therefore the eigenvalue problem of Ay; is reduced to the eigenvalue problem of the fol- 
lowing operator 

i/±2|T| = -A_+4|^|2|2|2 + 2|T|. 
ozoz 

which are the sum of two real l-dimensional harmonic oscillators. In particular, Af^ip = 

for if e L^A' iff there exists v e L^ such that 

T 

<p - --—vdz + vdz (21) 

\t\ 

and V satisfies 

-^+4|Tp|z|2v-2|T|v = 0. (22) 

ozoz 

The solution space is l-dimensional and is generated by 

(fiiz) = {mo(2 V7x)mo(2 ^/Ty)K-^dz + dz) = e-^^^''^'\-^dz + dz), 

\t\ \t\ 

where uq is the smallest eigenfunction of the real 1 -dimensional harmonic oscillator. 
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We have the asymptotic relation as |t| 



C(^) 



(^,^)£2 = I ^ A *(^ -i^, (23) 

Jc \t\ 

where C(-rr.) is a constant depending only on the direction ^. 

Remark 2.10. Now the Witten index rr(-l)^e '^'^fr is 1 and one can also calculate the 
partition function Tre^^^fr = 2/1,(t) e"'^'*'*'"'. 

2.2.4. complex n-dimensional harmonic oscillator. 



Consider the section bundle system (C"xC,C",/t = t(z] + — i-z„))- Then the Laplacian 
is 

Ay; = Ai H + A„, 

where A, is the complex 1 -dimensional harmonic oscillator with respect to z,. It is easy to 
see that the L? harmonic fc-form for A; < n is trivial, and the space of L? harmonic n-form 
is 1 -dimensional and is generated by the following element: 

"ViZl , ■ ■ ■ , Z„, t) = ip(zi) A • ■ ■ ip(Zn), (24) 

where the 1-form (p(-) is given by ( 1211 1. 

Similarly, as \t\ -^ oo, we have the asymptotic relation: 



(25) 



Jc" \t\" 

2.3. Complete non-compact Kahler manifold with potential function. 

Let (M, g) be a complex manifold with a Hermitian metric g. Denote by T = TM, T* - 
T*M, T - TM, and T* = T*M the holomorphic tangent bundle, the holomorphic cotan- 
gent bundle, the anti-holomorphic tangent bundle and anti-holomorphic cotangent bundles 
respectively. Let t/ be a coordinate chart of M having local coordinates z = (z', ■ ■ ■ ,z"). 
Here we assume that Zj = ^2j-i + ix2j,j = L ■ ■ ■ ,«• So locally, g - gjjdz'dz-' (by using 
Einstein summation convention) is a section of the bundle T* ®T* . The associated form 
w - jgijdz' A dz^ and 

— — gdx A dx ■ ■ ■ A dx " — dvM, (26) 

n! 

where g = det(g,j) and dvM is the real volume element with respect to the Hermitian metric 

defined on TrM = T e f . 

A {p,q)-foTxn is a differential section (p : z —> k' V(i,--,i,Ji,- -J ] of the tensor bundle 

A'''* - (®T*y ® (®7'*)^ such that the components VJ,, _..._,■ j,,...j are skew-symmetric with 

respect to /i, ■ ■ ■ , /p, Ji, ■ ■ ■ , jq. Locally it has the form 

<p = — — ■ y <Pi, ... i 7, ... 7 t/z" A ■ ■ ■ A dz'" A dz^' A ■ ■ ■ A dz-'". 
^ plql ^—i '' ■'"■"' '■''' 

or written as the form without fractional factors 



¥> 



= Y^ fn,...,i^j^,...,jdz'' A ■ ■ ■ A dz'' A dz-'' A ■ ■ ■ A dz^" . 



h<-<ip_ 
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Let (g'-') be the inverse matrix of the metric matrix (g;j) such that 2* 8^'''8kt - ^\ ^nd 

We choose the convention of the form action as follows: if ^ — ^^^ + ^^^ and 
'7 = '7''fl?+'7'ir'*en 

d =5 „ d =5 
dzP dz'J dzP dzi 

If ^ is a holomorphic tangent vector, then the length of ^ is |^p = g,]^'^-'- and the inner 
product at point z of two holomorphic tangent vector ^, rj is defined as 

Let 



ci^, ^) = ig^dz! A dzKe— + f'^, '?''^ + '?'^) - '^'7(^'V - ri^y 



l/fiz) = ^7 2 ^k„-,k,„h,-jdz^' A ■ ■ ■ A dz''" A ofz'' A ■ ■ ■ A flfz'', 



then the inner product of the two {p, g')-forms is defined as 



Then the L^ inner product on M is defined as 



(27) 



(^,«A)= r((^,«A)(z¥vM. (28) 

Jm 

Denote by Ip - {i\,- ■ ■ , ip) the multiple index with length p. Then a (p, q) form (/? can 

be simply written as 

p\q\ /-J " ' 

Definition 2.11. Let ij/iz) - -fr 2/ _y lA/ / dz''' A t/z"''. We can define a C-linear operator 
* : Q''''' — > O" '?■""'' (where il''"^ represent the section set of the bundle A'''') as follows: 

* (A = (/)"(-l)'¥^+^« 2 g,^^j,^_j^j^^y^'"dzf"' A fl'z^"-. (30) 

Here gj / / j; is the tensor products of the metric tensor gff. 

§1^1,,-, J, J,,-, ^ 8ir-i„]i-]„ =det(g,-jj. 
and 

^/„/, := Y, g'J''' ■ ■ ■ g^"'^£'-' ■ ■ ■ g''V.,...„,-,../V (31) 

kl 

It is routine to prove the following lemma (See IIMKI or OKol ). 
Proposition 2.12. The * operator satisfies the properties: 

(1) (^ lj/)(z)_dVM ^(fi A*!// 

(2) *ij/ = *(/f 

(3) *2 = (-1)^+9. 

(4) ^ A *i/r = i/r A *^. 
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Definition 2.13. Denote by 5', 5', c/' the adjoint operators of d,d,d with respect to the 
inner product (■, ■), namely we define those adjoint operators by the following identities: 

(5^, (A) = (^, aV), {dip, ^) = (^, 5V), (#, "A) = (^, ^V), (32) 

for compactly supported form ip or i^. 

Sometimes it is convenient distinguish the * operator by their domain. The operator 
* ; il''-'' — > O""'?'""'' can be written as *''■''. In this way, the relation *^ = (-1)^+* is actually 

^n-q,n-p ^p.q ^ ^_iy+<l ^ (33) 

If A is a differential operator, we denote by A ' the adjoint operator of A with respect to 
the metric (■, ■)■ Now the adjoint operator (*^'?)^ has the identity: 

(*''•«)+ = (_i)P+?*"-?.«-p, {^^p-1)UP'1 = / (34) 

The following result is well-known. 

Proposition 2.14. 

d^tf/--*d*if/, d^if/--*d*tf/, d'--*d*iff. (35) 

Proposition 2.15. For i// e HA^^+'X 

Cd^yrJ'.-u ^ (_iy-i ^(|_ + ^gl)^W. ■y,. (36) 

k 

One can find this proposition in IMKI . 

Now the complex Laplacian operator is A = dd^ + d^d. 

Let Ly be the contraction operator contracting with the vector v. 

Lemma 2.16. We have the properties: 

(dz''A)^ = /".fl,,, (^/a)1- = g"',s, (37) 

(ifl,,)"'" = gpydz^A, (ls,)^ = gypdzP A . (38) 

Proof. It suffices to prove the first identity, since the other ones can be induced easily. 
Let 

Then 

"^^ ^ ^ "^ 2 ^'. '../.■ ■J,^^'' A ■ ■ ■ A Jz'- ■ ■ ■ A flfz^^' 

-^—-^ Y^idz'' A ^),„...J/Z'° A dz^' A • • • a^Z^', 



(/7+l)!^! 



where 



(«'Z^A^),„...J^=£(-1)X^,...^.. 



■■'.,■ -J, 
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So 

[J -q. 

On the other hand, we have 

Therefore, we have 
In summary, we obtain 

D 

The following lemma shows the commutation relations of the operators ig^, dz^, . ■ ■ with 
the * operator 

Lemma 2.17. 

and the other commutation relations can be obtained by taking complex conjugate or ad- 
joint. 

2.3. 1 . Clifford algebra and sl2(^.) Lie algebra . 

These operators Lg^,dzf', . . . acting on Q'''^ and increase or decrease the degree by 1, we 
think them as degree 1 operators. We always define our Lie bracket as super Lie bracket, 
i.e., if A and B are two operators, 

[A, B] = AB - (-1)I'*"^IbA, (39) 

where \A\ denotes the degree of A. 

It is easy to prove the following formulas which implies the CliflFord algebra structure 
of operators. 

Proposition 2.18. 

K^ay, %] = g,v, [(dz^^y, dz'A] = /\ (40) 

[day, 13,] = 0, [(dz^AY, dz'A] = 0, (41) 

[Lr%, toj = [ca^, to,] = [dz^A, dz^'A] = [dz^A, dz^A] = (42) 
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Define the following operators: 

L := igf.^dz'' A dih, (43) 

A := ig^ha^La,- (44) 

FipP''i ^{p + q- n)tpP-'>. (45) 

Since 

A+ = -ig^Ls-yUay = -ig'^g-k^.d^ A g„dz' = L, 

A is the adjoint operator of L with respect to the inner product (■, ■). 

It is obvious that L, A, F are real operators and furthermore We have the well-known 
s/2(R) Lie algebra relation, which can be easily proved using Proposition |2]T8] 

Proposition 2.19. 

[A, L] = F, [F, L] = -2L, [F, A] = 2A. (46) 

2.3.2. Connection and curvature . Now We assume that {M,g) is a Kahler manifold with 
Kahler metric g - gijdz'dz-'- Let TrM be the real tangent bundle of M and TqM be the 
complex extension of T^M. Let g be the Hermitian metric on TqM such that gij::,-^-) - 
gj-j and V is the Chern connection defined on TqM. When restricted to the holomorphic 
tangent bundle T, we have the holomorphic connection, still denoted by V such that if 
^ = ^' ^ is a holomorphic vector field, then the covariant derivative is given by 



'dzj 



k 



where F'.^ - g -ij- When restricted to T, we have V - d. Soif r] = rj'j- e T,we have 

ViTjJ = diTjl (48) 

We also have the induced connection on the cotangent bundle such that if ^ = ^idz' and 
T] - rj-jdz', then we have 

Vj^i^dj^i-T]^k, (49) 

^jm = ~djm- (50) 

We can also define the complex conjugate connection V such that 

V,f ■'■ = 5,f ■'■ (51) 

V,f) = d>^j (52) 

Viif = ~diij' + 4^* (53) 

V,77j = 5,7,j-ri^^^. (54) 



Define 

Then it is easy to obtain 
Proposition 2.20. 



[V,,V,.]=V,.V;-V,.V,.. 



[V/,v,]^' = -2^jr*^'- (55) 
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Definition 2.21. Set 

R-n = -dfl (56) 



The tensor field R -. is called the curvature operator of the connection V. Define the curva- 



\7J "/ il- 

'Ij 

ture tensor of V to be 

Ri'ki] = SkpRiij- (57) 

The Ricci curvature is defined as 

Rrj = g^'Riup (58) 

and the scalar curvature is 

R = g^Rih (59) 

Since F*^ - g'''^digip, it is easy to show that 

Rfki] = -d]dig,i + 8""dj8ipdig,ii, (60) 

R,j^-didjlogg. (61) 

Here we must use the fact that 2/ T', - -dig. 

It is well-known that the curvature tensor satisfies the symmetric properties: 



(1) 
(2) 



Rikl] - Rlkfj - Rfifk - Rfjlk- 



Rill] - Rkljh 

A straightforward computation shows that 
Proposition 2.22. 

A _ ok A 



Note that we have 



[V,,V,]^*=/?*,r (62) 

{1;,1j-\^,^-R!.^P (63) 

[V,,V^]ft=/?5.^^^ (64) 



7?' =/?(... (65) 

ikj ijk ^ ^ 



Similarly, we can prove that 

[V;, V y]^'^ = R[ .Cs - R"'^-Ls + R--^m- 

L /' J^^pq implN tppf^^'i jiq^P^ 

Proposition 2.23. In Kahler case, for ip — ip-,^ ...j c/z'' A ■ ■ ■ dz''' we have 

dip^Yj "^kVh -J,** ^ *" ^ dj^ (66) 

dip^Yj ^^'^'i -J,** ^ *" ^ ^^'" (67) 

A- 



(69) 



One can find the proof of the above proposition from MMKI . 
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Theorem 2.24. For any (p, q)-form ip - -j-j(Pi^...ij^...j dz'' A ■ ■ ■ dz''' A dz-'' A ■ ■ ■ A dz-''', we 



have 



i^V\-l--YuS''^^^' 



'Prh 



-Ji 



q p 



i=l 1=1 V /( 

Proof. Let / represent the multiple index with length |/| -p. Note that 

/j=0 

Therefore, we have 



= - Z ^''V/'V^^/j.-A + Z^-i>'^''^-^i^^/....ii...7. 



i=l 



On the other hand, we have 
Hence, we obtain 



fiv 



i=l 



-Ji 



-T.f'^^mr-J. 


fIV 


q p 


r_ 



+ yy(-i)V'' y^''^ ^ , - ~ - -r'^ f,- ~- 



V ;,■ 



i=l (=1 Vm^^ 



" - w _- - — _ 

tfL, lvjl-km-JA-j,i 



(70) 



(71) 



(72) 

(73) 
(74) 



(75) 
(76) 
(77) 



Since g''''/?," , is symmetric about v, fem indices, but y?, ^ - ^ is antisymmetric about 
V, ^m indices, we know the last term vanishes. Hence we obtain the result. n 

2.3.3. Twisted operators. 

Now we assume that / is a holomorphic function defined on the Kahler manifold (M, g). 
Define the twisted d operators 

df^d + dfA^d + fidz'A 
df^d + dfA ^d + Jdz'A, 
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WlltlC Jl .— UlJ . LJ^ 

meti-ic. The Laplace i 


iiULC uy u ,■ aiiu Ur Lin 

operator is defined as 


^11 aujuiiii \j 


'pcianj 


la V 


It is easy to prove 


the following result. 








Lemma 2.25. 


dia A *y6) = ~dfa 


A*/3 + a A 








**5-/ 


*y8 


and so there is 




- * d-f* 

- * d-f * . 






On the other hand 


, we know that 

a} = d 









(78) 



(79) 
(80) 

Obviously, 5,5/ are of degree 1 and d\,d\ are of degree -1, but they don't preserve the 
Hodge grading. 

Lemma 2.26. 

52 = 52 = ~dfdf + dfdf = 

(5})2 = (5})2 = 5}4 + 5}5} = 0. ^^^^ 

Proof. These identities are the consequence of the commutation relations of operators 
d, d, 5 ' , 5 ' and Lemma lSTTSl n 

2.3.4. Kdhler-Hodge identities. 

Proposition 2.27. 

[df. A] = -id^j, {df. A] = id\ (82) 

[5},L] = -idf, [d],L\ = idf (83) 

Proof. It suffices to prove the first identity. The others can be obtained by taking the 
complex conjugate or the adjoint action. 

Now 

=i[[d,ig^h3M,'\ + [7kdz'A,g^''La^La,]} 
The first term 

^r^yia, = -5"'". 

This is the classical Hodge identity. 
The second term 

Combining the two terms, we get 

[df,A]^-idy 
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D 

By the Kahler-Hodge identities, one can easily prove the following conclusions 
Corollary 2.28. 

[5/,a}] = o, [df,d)]^o 
\df,d\]^~dfd\ + dydf^Af. 

Proposition 2.29. The (complex) form Laplacian operator Ay has the following local ex- 
pression: 



A/ = A + (gf'VJiLa^dz' A +g/^''Vv/,i,5.*'A) + |V/|2. (84) 

Proof. We have 

[dydf]^[{d + f,d^K)\~d + f,dz'] 

= [d\~d] + [{^'M)\fidz'] + mdz^^)\^JdJ] + [Jk(dz!')\fidz']. 
The second term 

[(Vydzyjldz'A] = [Vy,fi]gP\pdz' A +[dzy,dz'A]fiVy = Vyfg^^pdz' A . 

Similarly, we can compute out the third term and the fourth term is |V/p. n 

This shows that Af - (d[ + dff' - [d\, df\ is a real operator and Ay = [51, df\. 

Remark 2.30. Notice that the operator Aj does not preserve the Hodge grading, only 
preserve the grading of the real forms, i.e., Aj is an operator from Q^ to QF . Let 

p 

"^"Yj Yj f'h-kh-l-r 

k=0 0<ii<k<n 
0<],<]„-t<n 

Then 

+ [Lf ° (ViJ„^^]n-k].-U + |V/IV;....4J,...^-. (85) 

Where at a point z e M, /?, L : Af — > Af are linear maps, and Wii-k~j\-~j„-k represent the 
('1 ■ ■ ■ ikji ■ ■ ■ jn-k) component of the vector (or (k, n - A:)-tensor) t//. 

Notice that R only depends on the curvature tensor Rqi^j and the metric tensor g^y and L 
only depends on the metric tensor gf,y and the tensor (Vkfi). 

It is also interesting to discuss the commutation relations of * operators with those 
twisted operators. 

Proposition 2.31. The following identities hold (M is only required to be a complex man- 
ifold here): 

5t _ /_i\p+qn .^ .^a+ 






* Af - -A_f ■■ 
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In particular, when M is Kdhler, there is 



-A_f* 



Example 2.32. Given the complex 2-dimensional section-bundle system (C^,/) with the 
standard Kahler metric, let us give the explicit formula for the twisted Laplacian equation. 
Because of the *-action, it suffices to consider the 0, 1 , 2-forms. 

(1) The case that i^ is a function, then the equation A/ifr = is a complex scalar 
Schrodinger equation: 

A^+|V/|V = 0. (86) 

(2) The case that i// is a 1-form. Assume that 

The vector Schrodinger equation has four component equations: 

AiAl-(/ll<Al+/l2(^2) + |V/lVl=0 

A<A2 - (/211A1 + /221A2) + IV/IV2 = 
A^i-(/„^i+/i2^2) + |V/lVi=0 

A^2 - (/2l^i + /22<A2) + IV/IV2 = 0. 

If we set ij/ - (i/fi, i/'2, t//i,ifr2), then the action of the linear operator Ljo can be written as 
the matrix form: 



CO 





/ll 


fn] 








/21 


fii 


/n 


/I2 








Ui 


/22 





O.J 



Lf o (1^) 



All the entries of Lf consists of the second order derivatives of /. 
The case that 1/' is a 2-form. ij/ has 6 components and has the form: 

10 11 10 01 00 10 

ip-ipndz Adz +4>\\dz Adz +ipi2dz Adz +ip2\dz Adz +ip2idz Adz +ip\2dz Adz . 
The vector Schrodinger equation has 6 components: 

'Hn - (/21'Aii - fii^ii + /life + fn^ii) + IV/IV12 = 
A<Aii - (fn^n - fnrn) + IV/lVii = 

^ Al/'l2 - (/22'Al2 + /ll(Al2) + IV/IV12 = 

' A(A2l - (/ii-An + /22tAi2) + IV/IV2I = 
Ai/'2l + (/2i^i2 - fiii/fn) + IV/IV22 = 
AiAiS + (/si^il - fil^il + hi^ii - fli^ii) + IV/IV12 = 0- 

If we set i// = (i/'i2, lAii' "^12' "^21' fe' "Ais)' Then the matrix Lf has the form 



Lf o {iff) 






-/21 


-/22 


/ll 


/12 





-/I2 














-/12 


-/22 














-/ll 


/ll 














/22 


hi 














-/21 





At 


-/,T 


/tt 


-fro 
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2.3.5. N - 2 supersymmetric algebra. Define operators 

df^df + df, d} = -i{df - df) 

d}^d^j: + ~d), {d'fY = i{d] - ~d\) 

Uf - (df + dl) = [df, dl] - dfdl + dldf 

D^ = (d"} + (c/p"'")2 = [d'f, (c/p"'"] = d'fid'f)'' + (d'fyd'f 
Those operators satisfy 
Proposition 2.33. 

°/ = °/ = 2A/ 

[df,d'f] = [d'jAd'f)'] = 0, [dfAd'fy] = [c/j^-^/] = 0. 
In particular, the Laplacian Of commutes with all above operators. 

For the number operator F, we have 
Proposition 2.34. 

[F,df]^-df, [^,5}] = 5} 
[F,df]^-df, [F,d}]^d}. 

Now the operators L, A, F and D/ generates the even part of a Lie superalgebra, where 
L, A, F generates sl{2, W) = spin{3) and Dy generates m(1) = io(2). The odd operators df 
and d I span a spinor representation S , since there hold 

[L,df] = 0, [A, 5/] = /^}, [F,a/] = -5/ 
[L,d'j,] = -/5/, [A, a}] = 0, [F,5).] = 5} 
[5/, df] = 0, [5/, 5|] = 0, [5];, 5|] = 0. 

The dual representation 5' is given by the operators df and dl. The pairing is giving by 
the relations 

[df,d}]^^-nf, [df,d}]^^af 

Hence we obtain a spindJ) supersymmetric algebra. 

2.4. Spectrum theory of Schrodinger operators for differential forms. In this section, 
we always assume that (M, g) is a complete non-compact manifold with bounded geometry. 

2.4.1. Sobolev Norms . Since we have the decomposition 

A = ffi//+v=/)A ' , 
the L^-inner product is defined as 

(■, ■) = ©/J+V=p('; V/i.V 

In local chart, A'' has a basis 

[dz'' A ■ ■ ■ dz'' Adz-'' ■■■ Adz^',1 <ii < ■■■ < ik<n,l <]i--- <]i <n,k + l^ p 

By Pascard's rule, ^^o {t){ -k) = f") ^^ J^^^ the dimension of A''. 
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For any (^ e Q'', we can define the Sobolev norm 



( \ 

2 llv^vVll' 



1/2 

(87) 



\m\k,2 ■ = 

\\a\+\b\<k 

and the Sobolev space W*'^(A'') consisting of all weak difFerentiable p-forms having up to 
A;-order L^ integrable derivatives. Let Wy' (A'') be the closed subspace in W*'^(A'') which 
is the closure of the compactly supported forms. In addition, we denote by Ql)(^) - 
Q!'(M) n L?(A''(M)) and Q.q(M) the set of the smoothly compactly supported ^-forms. 

2.4.2. Some analytic theorems on Riemnnian manifold with bounded geometry. 

The following L'-Stokes theorem was proved by Gaffney BGal . which is obvious in 
Euchdean space. 

Theorem 2.35. Let M be a n-dimensional orientable complete Riemannian manifold whose 
Riemannian tensor is ofC. Let y be a n - 1-form of class C' with the property that both 
y and dy are in l} . Then J dy — 0. 

Theorem 2.36 (Density theorem). Let (M, g) be a complete Riemannian manifold with 
positive injectivity radius and let k > 2 be an integer. Suppose that there exists a positive 
constant C such that for any j — 0,- ■ ■ ,k-2, IV^Riccl < C. Then for any p > 1, W'''''{M) = 
W',P(M). 

Theorem 2.37 (Sobolev embedding theorem). The Sobolev embeddings are valid for com- 
plete manifolds with Ricci curvature bounded from below and positive injectivity radius. 

One can find the two theorems and proofs in |He|. The above two theorems can be 
applied to our case: 

Corollary 2.38. Let (M, g) be a complete non-compact Kdhler manifold with bounded 
geometry. Then W*'^(A'0 — W^^' (A^) for any k, and Sobolev embedding theorem holds. 

2.4.3. Close extension of operators. 

The multiplication operator df ; QI' — > Q''^' is a closable operator. Its closure df has 
domain 

Dom(5/) = {.A e Qf2)| f |V/| Vl' < «')• 
Jm 

Similarly, the formal adjoint operator {df/\)^ - fg'ho is also a closable operator and its 

closure (dff\y has domain 

Dom((</A)t) = {,A G Dp;^\ r \Jg'ha^ilf\^ < «,). 

Jm 

The operator (5/)"'" = (dff . 

If i/r G Q^'j^ , if e Qg(M), by Stokes theorem, we have 

(#,^) = («A,5V)- 

Since H^iM) is a dense set in L^ space, d as the formal adjoint operator has maximal closed 
extension Om with domain 

Dom(lM) ^{^& L^{AP^\M))\df e L^{KP{M))] = W''2(A^(M)). 
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On the other hand, with the Dirichlet boundary condition, d has the closed extension, the 

yi:. 



minimal extension dm with domain W,,' (A''(M)). However because of the density theorem, 



Theorem l2.36l we have 

dm - dm- 
This means that d has a unique close extension. Similarly, we can prove that the operator 
5' has a unique close extension. We drop off the symboPif no confusion occurs. 
Now df - d + dfA is a unbounded closable operator, its closure has the domain 

Domidf) ^{i//e L^iAP)\ f \df)//\^ + \i//\^ < oo) 
Jm 

In the rest of the paper, we only consider the closure of dj and dl and don't think df as 
the sum of two unbounded operators. 

The Laplace operator A/ = d/dl + d^d is lower bounded real symmetric operator. There 
is an associated closable quadratic form 

Qf(i/^, ^) = {dfi^, ~df<p) + {d]ip, ~d],p). 

By the functional theorem (see IRSOI . Theorem VIII. 15), the closure of Qj uniquely deter- 
mines an self-adjoint extension Ay of Aj. We will still use Ay to represent this self-adjoint 
extension. 
Denote by 

Ay = //« + //}, 

where 

Hi:^-Y,8"''^i''^v + \^f\\ (88) 

and 

H\:^Ro (^jj^J + Lf o {cp,j^J. (89) 

In one coordinate chart U, these operators can be viewed as operators acting on the vector- 
valued L^ space L^(U, C*"'), where pin) - ( ") is the dimension of A^. 

2.4.4. Tameness of the section-bundle system. 

Definition 2.39. The section bundle system {{M,g), f} is said to be fundamental tame, if 
there exists a compact set K and a constant Co > such that |V/| > Co outside a compact 
subset K <z M. 

The section-bundle system is said to be strongly tame, if for any constant C > 0, there 
is 

|V/p - C|VVl ^ oc, as d(x, jco) ^ oo. (90) 

Here d(x, xq) is the distance between the point x and the base point xq. 

Now we have the fundamental theorem of our theory. 

Tlieorem 2.40. Suppose that (M, g) is a Kdhler manifold with bounded geometry. If 
{{M.g), f] is a strongly tame section-bundle system, then the form Laplacian Ay has purely 
discrete spectrum and all the eigenformsform a complete basis of the Hilbert space L^(A'(M)). 

Proof. Since the section-bundle system is strongly tame, we know that 

|V/(-*^)l ~> °°, as d{x,x^)) — > oo. 
Therefore by Corollarv l2.9l we know that H'I has purely discrete spectrum. Now we want 
to prove that Hi is a compact perturbation of //°. 
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At first, since (M, g) has bounded geometry, there exists a universal constant Cr such 
that at point x, 

\(Roip,<p)(x)\<CR(ip,ip). (91) 

Secondly, for any e > 0, we can find a compact set K^ such that 

|(L/o^,^)(x)|<e(|V/|V^)W (92) 

hold on M - K,. 

Since / and (M, g) are smooth, we can find a constant C^ > such that for any x e M, 

\(Lf o ^, ^)| < e(|V/| V, V) + CJ<p, if). (93) 

Combining the inequalities of R and Lj, we have 

\{H].ip, ip)\ < e(|V/| V, V) + (C. + C«)(^, ip). (94) 

Therefore, we obtain 

|(i/>, ^)| < e(i/°^, ^) + (C, + Cr)(^, ^). (95) 

Now by Theorem l2.4l we get the final conclusion. n 

As the application of our fundamental theorem. Theorem 12.401 we will consider some 
important examples in the following part. 

2.4.5. Hypersurface section-bundle system (C'^^' , W). 

Let W : C'*'^' — > C be a quasi-homogeneous polynomial of type {qo, ■ ■ ■ , q^), i.e., for 
all /I e C, there is 

W(^«°zo, ■ ■ ■ , A-^"zn) = ^W(zo, ■■■ , zn)- (96) 

W is called non-degenerate, if is its only isolated critical point in C'*'^'. Equivalently, 
if we write 

s s N 

1=1 1=1 j=0 

then the matrix A = (a/;)sx(A'+i) has rank N + I and 



A- 



fqo^ 



VlN/ 



(l\ 



I) 



The non-degeneracy of W also implies that {W = 0) defines a smooth hypersurface in 
the weighted projective space P'J, ^ ,, where qi - j, (ki, d) - I. 

Definition 2.41. Let C'*' be the canonical Kahler manifold with standard flat metric. Let 
W : C'*'^' — » C be a non-degenerate quasi-homogeneous polynomial. The combination 
(C'^^', W) is called a hypersurface section-bundle system. 

Tlieorem 2.42 (|FS|, Theorem 3.12). Let (C'^+\ W) be a hypersurface section-bundle sys- 
tem. Suppose that the weights qi < i, then the system (C'^^', W) is strongly tame. There- 
fore, the form Laplacian Aw defined on C''^' has purely discrete spectrum. 
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Let Gj be monomials of quasi-homogeneous weight less than 1 . Then the following 
deformation 

" (97) 



F{z,t)^W + Y,tjGj 



is called by Arnold, Gusein-Zade and Varchenko ( HAG VI . PP.416) as the lower deformation 
of W. Physicists call it as the "relative deformation". 

Theorem 2.43. Let W be a quasi-homogeneous polynomial with homogeneous weight 1 
and of type (qo, ■ ■ ■ , qN)- Suppose that qi < 1/2. Then for any deformation parameter t, 
the section-bundle system (C'*'^',F(z, f)) is strongly tame. Therefore, the form Laplacian 
^F{z,t) defined on C"^^' has purely discrete spectrum. 

The proof of Theorem F2.43l is similar to the proof of Theorem F2.42l For the convenience 
of the reader, we give the proof here. 

Proof. The proof is based on the following important inequality: 

Lemma 2.44 ( BFJRIL Theorem 5.7). Let W e C{x\, . . . , x^] be a non-degenerate, quasi- 
homogeneous polynomial with weights qi :— wt(x,) < I for each variable Xi,i — I, . . . ,N. 
Then for any t-tuple (mi, . . . , Ufj) e C^ we have 



N<C^ 



dW 

——(ui,...,un) 

oxi 



+ 1 



where 6i 



and the constant C depends only on W. If qi < 1 /2 for all i e 



mmj(\-qj) 

{1,...,A^), then Si < 1 for all i e {1, . . . ,N}. If qi < \ 12 for alii e {1,...,A^), then Sj < 1 
for all i e {!,..., N). 

We set F(z, t) -: W{z) + G(z, t). Above all, by Lemma l244l we know that 

\dW\ -^ oo, as |z| ^ oo. (98) 

Now let VK/ = c/ n z^'' be a quasi-homogeneous monomial with weight 1 (not necessary 
a monomial of W). By Lemma 12.441 we have for p + q (the proof for p - q case is the 
same). 



WpVqWi\ < C\zp\'""-%\''^-' W \zt ^ C £ 



V,=i 



dW. 



(zi 



,Zn) 



ii=p,q 



dW . 
'dli 



ill 



+ 1 



,d-<7_,) 



-Sr>-S„ 



Vi=l 



m. 



,Zn) 



■(zi, 



+ 1 



XbiiS,-6i,-S^ 



,Zn) 



,2-2*0 



+ 1 



Here ^o = 



min cjj 



mmj(l-qj)' 

Therefore, we have 



In particular, we have 



\v^Wi\ < CQVwf + ly^S^wf + c. 



iv^wi < c(ivwr + i)"^*''ivwr + c. 



(99) 



(100) 



where Co, Ci are constants. 
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We can assume that G{z,t) is a monomial, since its weight is less than 1, there exists 
polynomial G with weight 1 such that the power of each variable of zi is no less than the 
corresponding power of G. Hence as |z,| >> 1 we have 

\2-So 
+ 1 



|VG|^ < |VG|2 < 



/ N 
V/=l 



dw 

-;^Ui,- ■ ■,Zn) 

OZi 



(101) 



< c(\vwr + i)"*°iivwr + c (102) 

IV^GI < IV^GI < C(\VWf + ly^^^l^wf + C. (103) 

(104) 
Therefore, we have for any Co > 0, 

\VFf - Co|VV| > |VW|2 + |VG|2 - 2|VW||VG| - CIV^WI - CIV^GI 

> ^|VW|^ - C(|VW|2 + 1)"*°||VW|2 - CIV^WI - C(|VW|2 + 1)-2^°|VM'|2 - C 

.^ivwi^-c. 

This shows that {C^^^,F(z, t)) is a strongly tame section-bundle system, by Theorem l2.40l 
we get the conclusion. D 

Remark 2.45. One type of quasi-homogeneous polynomial is extremely interesting in the 
study of the Laudau-Ginzburg model in Topological field theory. Let 

N N 

Then the exponents can be written asaN xN matrix A - {aij). In this case, W is called an 
invertible singularity. One can transpose the matrix to obtain an exponent matrix A^ and 
get a singularity W^ . iW, W^) forms a mirror pair in Laudan-Ginzburg model which was 
observed by Beglund and Hiibsch HBHI . Kreuzer and Skarke | KS | proved that an invertible 
singularity W is non-degenerate (i.e.,rankA = A^,)if and only if it can be written as a sum 
of (decoupled) invertible polynomials of one of the following three basic types: 

•^Fermat — ^ ■ 

W'loop = Zi Z2 + 22^3 + ■ ■ ■ + Z;^_\Zn + Z^ Z\ 
Wchain = Z'['Z1 + Z^ZJ. + ■■■+ zj^^jjzw + z"j^ . 

If we assume that all a, > 2, then the weight q, < 1 /2 and the three type polynomials are 
all strongly tame. 

All A, D, E polynomials, unimodal singularities and etc. are strongly tame according to 
our definition. The reader can refer to MAGVI and some recent papers IKrl . llKPI . 

2.4.6. Section bundle system with Laurent polynomial potential. 

Letrbethetorus5/?ecC[zi,--- ,z„,z\\--- ,z;'] = (C*)" andlet/ e C[zi, ■ ■ ■ ,z„,z\\--- ,z,7'] 
be a Laurent polynomial having the form 

fiZx,--- ,Zn)^ J] CaZ". (106) 

a=(Qri,---,a„)eZ" 

The Newton polyhedron A = A(/) of / is the convex hull of the integral points a - 
(ai, ■ ■ ■ , an) e Z". /is said to convenient if is in the interior of the Newton polyhedron. 
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Definition 2.46. Let A' c A be an /-dimensional face of A. Define also the Laurent 
polynomial with the Newton polyhedron A" 



f\z) = Yj '-""'■ 



(107) 



For any Laurent polynomial g, denote by g,, \ < i <n the logarithmic derivatives of g: 

giiz) ^Zi^-g{z). 
OZi 

Definition 2.47. A Laurent polynomial / is called non-degenerate if for every Z-dimensional 
edge A' c A(Z > 0) the polynomial equations 

/^'(z) = /f'(z) = --- = /„^'(z) = 

has no common solutions in T . 

Proposition 2.48. If f is a convenient and non-degenerate Laurent polynomial, then f is 
strongly tame. 

Proof. First we prove the sufficiency. / is convenient means that the origin is in the interior 
of the Newton polyhedron. This is equivalent to say that for any ray /3 - (J3i,- ■ ■ , /?„) e R" , 
there exists two integer points a± as the vertices of the Newton polyhedron such that the 
standard inner products satisfy {a-,/3) < and {a+,/3} > 0. 

Do coordinate transformation: let Zi - e''. Then the metric g = i^jidt' A dt' and the 
corresponding Kahler connection is trivial. The function 



/(zi,---,z„) = /(fi,---,f„) = ^fl„e<"''>. 



Let F(t) = |V/p - C|VYI for any C > 0. Then 

2 



^(0 > X 



J]^aaie<"''> 



^Z 



^ aaaiaje^"'''' 



(108) 



where a = (ai, ■ ■ ■ , a„). 

Now taking any ray f, = y6,|4A e C, |y6| < 1. Then real part R(I3) = {RiPi), ■ ■ ■ ,R(J3n)) 
defines a line in R". Since / is convenient, there exists at least two directions a± such that 
{R(J3), a J) < and {R(j3), a+} > 0. We arrange all the vertices a such that 



{R(J3),ai)} < {R(fi),ai} ...<...<0<---<--- {R(fi),a,}, 



(109) 



where s is the number of the vertices of the Newton polyhedron. 

Denote by M(J3) = {R(P), a,,}, M the set of all of a such that {R(J3), a) = M{J3)) and m+ 
the set of all a such that < {RifS), a) < M(J3). 

Hence we have along the line /? that 



Z 



2_] aaUiaje^"-' 



<C|e*^WI|<f|eMWI|2 + c. 



(110) 



On the other hand, we have along the line y6: 

2 



EZ' 



„(«■,') 



> ^ ^ fl„«,-e<''-«l'l - C ^ k<"'^>l'f - C (111) 



I aeM 
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Claim: for any 9 € [0, 2n], there holds 



>0. (112) 



2 2 o„a,„.'-^'««-' 
If this is true, then we have 

2 

^ ^ fl„a,-e<''-^>l'l > Cok*^<^'l"p. (113) 

Combining (IllOt . ( Illll i and ( |113t and using Young inequality, we get 

F{f) -^ CO, 

as |f| — » oo. 

To prove the Claim, we prove by contradiction. Suppose that (11121) is not true, then 
there exists a Oq such that for any / = 1, ■ ■ ■ , n, there is 

^ fl<,a,e''^'"«"'^»*'' = 0, / = 1 , ■ ■ ■ , n, (114) 

ueM 

Multiplying the above equality by Reipi) and taking the sum, noticing that for any a e M 
Zi aiReifii) = MiJJ), we obtain 

^ fl,e'^"'«''-«)»« = 0. (115) 

aeM 

This contradicts with the fact that / is non-degenerate. Therefore, we proved the Claim. 

D 

Now we have the following theorem. 

Theorem 2.49. Suppose that f is convenient and nondegenerate. Then the form Laplacian 
Af defined on T has purely discrete spectrum. 

Remark 2.50. Nondegenerate Laurent polynomials was initially studied by Kouchnirenko 
IIKol in singularity theory. Later it becomes a very popular objects in algebraic geometry 
because of their connection to toric geometry |Ba| and the other algebraic theories (see 
[CVJl and references there). We knew the concepts of nondegeneracy and convenience 



from the paper by Sabbah and Douai (see ifSal . MDol . where they constructed the Frobenius 
structure for such polynomials by algebraic method. 

On the other hand, a Laurent polynomial can define an affine hypersurface on the alge- 
braic torus T. 

Zf ^{ze T\f(z) = 0}. 

Let A be the Newton polyhedron of /. Then the corresponding toric variety P^ is a 
compactification of the n-dimensional torus T/^ - T hy algebraic tori T/^> for any faces 
A' c A. Let Zf be the closure of Z/ in Pa. For any face A' c A we have the hypersurface 
Z/_A' - Zf n Ta' in Ta' . Then Batyrev liBaJ gave another geometrical characterization to 
the nondegeneracy: 

A Laurent polynomial f is nondegenerate if and only ifZf\A' is a smooth affine subvariety 
in T'^ of codimension \ for any face A' c A. 

Non-degenerate and convenient Laurent polynomials become important examples in the 
study of mirror symmetry. For example, the polynomial 

f{Z\,--- ,Zn)^Z\+---Zn + , (116) 

Z\-- -Zn 
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is taken as a superpotential in the Laudau-Ginzburg model of topological field theory which 
is the mirror object of the projective space P". It is well-known that the B-model of this 
Laudau-Ginzburg model should coincide with the A-model, i.e, the Gromov-Witten theory 

forP". 

2.5. L^-cohomology and Hodge decomposition theorem. 

2.5.1. L?-cohomologyofdf operator. 

Since d\ - 0, we have the ^/-complex for smooth sections. 



Q.^-\M) -^ 0*(M) '\ Q*^+'(M) 



and for compactly supported forms: 

> n'^Q^M) -U nf)(M) -U n^^HM) ^ ■■■ . 

We denote their cohomology groups as H-j (M) and H* = (M). 
We also have the smooth L^-complex: 

■ ■ ■ ^ 0^2)' (^) -^ "f2)(^) ^ ^(2)(M) ^ ■ ■ • . 

We denote its cohomology as H*^ - XM). 

((2),0/) 

On the other hand, we can use the closure of df forms a L^-complex (the composition 
3/ o 5/ = is in distribution sense): 

> L^K^-^M) -^ L^K\M) -^ L^A^+'CM) ^ • • • . 

We denote its cohomology as H* - AM). 

((2),f'/.#) 

Lemma 2.51. We have the isomorphism of two cohomologies: 

K^M^^-KiixoJ^y (117) 

Proof. We first prove the following regularity conclusion: 

Let if/ € Dom(5/) such that dfif/ — ip is L} integrable, then if) e fi^)- 

Since di// - -df /wf/ + ip,hy interior estimate of 5-operator (refer to UPS II ), there exists 

the estimate: 

i|(/'|Ih'i.2(b,(x„)) < c{\\df A ii/\y(Bn(x,)) + iI'^iIl^(b„(^o)))' 

where r < R, xq e M and Br(-^o) is the geodesic ball of radius r in M. 

Now using the sobolev embedding theorem|237] we know that i/r e L"(A'^(B,(x()))) for 
2 < a < ■^. Here n is the complex dimension of M. By standard bootstrap argument and 
Holder estimate, we know that (/» is a smooth form in case that if is smooth. 

Now if ^ G ker(5/), then i/j is a smooth forms. If tp - 5/i/f, then it lies in the kernel of 
df as a L^ solution. So ip is automatically smooth by our regularity conclusion. Finally we 
know that i/r is a smooth L^ form. 

Hence we proved the isomorphism. □ 

By the above lemma, we denote the L^-cohomology simply by H*~7, (M) which cor- 
responds to either of the two complexes. 
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2.5.2. Hodge decomposition. 

In this part, we always assume that our section bundle system (M, g, f) is strongly tame. 

If {M,g,f) is strongly tame, then by Theorem 12.401 A/ has only discrete spectrum in 
L?A*(M) space. Let Jf c Dom(A/) be the subspace of A/-harmonic forms. Then we 
know that dim ,Jf < oo. 

Let Ef^ be the eigenspace with respect to the eigenvalue p of A/, P^ : L^ A* — > E^ be the 
projection operators, then we have the spectrum decomposition formulas: 



V 



J]^'.P,r 



The Green operator Gf of A/ satisfies 

GfAf + Po = A/G/ + P() = /. 
This implies the following Hodge-De Rham theorem. 
Theorem 2.52. There are orthogonal decomposition 



iJk^ = ^* e im(5/) e im(5].) (118) 

ker5/ = ^*eim(5/). (119) 

In particular, we have the isomorphism 

where J^^ means the space of harmonic k-forms. 
Proof. For any if e l}, we have the decomposition: 

ip = PQip®dfd^^Go,fi® d^^dfG ocp, (120) 

where © is the orthogonal direct sum. This gives the decomposition theorem and the de- 
composition of ker(5/). Since dim Jf < oo, the image im(5/) is a closed subspace, and we 
have the isomorphism 

between closed subspace. n 

The same conclusions can be obtained for other operators. 
Theorem 2.53. The following decomposition hold 

L^A^ = ^* © im(5/) © im(5].) (121) 

^/ 
Combined with the above decomposition, we have the five-fold decomposition 



L^A'' = ^* © imc// © imd} (122) 

L^A* = ^* © im 4 © im(4)*. (123) 



L^A* =^* © im dfdf © d}df © imidfid^fT) im(c/}(£/p"') (124) 

=^* © im dfdf © im 5J.5/ im 5/5} © im 5p} ( 1 25) 

=^* © im dfdf © im 5^5/ im 5/5} © im 5J.5]. ( 1 26) 
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2.5.3. Hard Lefschetz theorem. 



Definition 2.54. A homogeneous form a e A*(A'^'*) is called primitive if Aa - 0. The 
space of fe-primitive forms is denoted by 

If a e ^*, we can use the formula 

K'Ua = A""'(AL'' - U K)a = r{N - k - r + l)A'-^L''-^a. 



to deduce the following conclusions: 



Lemma 2.55. (1) If a e ^*, then Ua - Q for s > (N + I - k)+, in particular for 

a e ^^, there is La - 0. 
(2) ^* = QforN+ l<k<2N. 

Tlieorem 2.56. (Primitive decomposition formula) For every a € A*^, there is a unique 
decomposition 

'•>(*:-A')+ 

Furthermore, a,- — ^k,r(L^ ^)^ where cDjt ,■ is noncommutative polynomial in L, A with 
rational coefficients. As a consequence, we have the space decompositions 

Corollary 2.57. The linear operators 

iN-k . ^k ^ ^2N-k^ 
jjl-p-q . j^^p,q _^ p^N-p,N-q 

are isomorphisms for k < N, p + q < N. 

The proof of the primitive decomposition formula can be found in ODel IGHI ICMPI . 

Since the operators A, L, F forms a slj Lie algebra and commute with the Laplacian 
operator A/. We can apply the above primitive decomposition theorem to the space of 
L^ harmonic forms. Therefore in the same way to prove the Hard Lefschetz theorem for 
compact Kahler manifolds, we can obtain the following result. 

Theorem 2.58 (Hard Lefschetz theorem). Let (M, g, /) be a strongly tame section-bundle 
system with complex dimension n. Then we have the isomorphism 

^" ■■ ^((4) ^ ^((2)%)' 1 ^ ^ ^ «■ (127) 

Definition 2.59. Let« = dimcM. For^ < n, the primitive (n-^)cohomology,fi/"^*- (M) 
is the kernel of L*^"^' acting on FI"~^- (M). Equivalently, it is the kernel of the A-operator: 



- ker{A : /^j;,^, -. H^^ 



In particular, Pi/*, ^ , = for fe > n. 

((2),^/) 

Consequently, we have 
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Theorem 2.60 (Lefschetz's decomposition theorem). Let (M,g,f) be a strongly tame 
section-bundle system. Then there is a direct sum decomposition 

i/f = Pi/f .^®L- P//*:f -„ ffi L^ ■ P//f,:^. , ■ • • . (128) 

((2),^/) ((2),fl/) ((2),(5/) ((2),a/) 

Remark 2.61. Though the dj is defined in terms of a holomorphic function /, the Lef- 
schetz's decomposition theorem even holds on real field. The reason is the Laplacian 
operator Ay and L, A are real operators and the decomposition can be restricted to the real 
subspace of the space of harmonic forms. 

2.5.4. Computation of the df cohomology. 
We have defined three cohomology groups: 

^;5,)(^)'^(*(2),^,)'^i/^)- 

We want to discuss their relations. Above all we have the (twisted) poincare lemma: 

Lemma 2.62 (8/ Poincare lemma). Assume that U <z M be a simply connected domain. 
Let (fi be a df -closed k-form on U. Then there exist ak-lformi]/ and a unique holomorphic 
(k, Q)-form (p module df A D. (U) such that 

(f - (p + dftfr. 

In particular, for the case k < n and the case k — n with the condition df ^ on U, (p = 0; 
ifdf — at some points on U, then (p ^ 0. 

Proof. Assume ip has the following decomposition 

p 
Then df(f - decompose into 

~dipP'''-p + dfA cpP-^*-p^^ ^o,o< p<k. 

By the Dolbeault lemma, there exists a (0, fc - 1) form (/r'''*"' such that ^"-^ = ^i/'"'* ' . Then 
we have 

=5^''^-' +dfA 'dip^'''-^ 

By Dolbeault lemma again, we can obtain i^'-*^"^ such that 

By induction, once we obtain ipi'^^-'^^P we can find t//P''^^P^^ such that 

^P'l'-P = aiA"'*"""' + 5/ A ipP-^-'^-P. 
In particular, we arrive at the equation 

5[/'° -dfA iA*"i'"] = 0. 

Setting (p - (fi'^-'^ - df A ip''^^-^, which is holomorphic, and defining ip = Yjp i/'''''^'' ^ we 
obtain: 

(f - (p + dfip. 
Consider the Koszul complex K(df, U) 

0^ ffu-^ > A^^'-^t/) -^ A*'°(f/) -^ ■■■ A"-^(U) -^ 0, 
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the division lemma of De Rham (see OKul . PP. 18) shows that the cohomology groups 



|0, k<n 

k — n 



H\Kidf, U)) = ' n'xu) ,, _ „ (129) 



Vn"-'(f/)Arf/' 

So if A: < n, there exists a holomorphic form such that (p - df /\ ^ - df{4>) and tf - 
df0 + ij/). k - n case can be considered similarly. Hence we get the conclusion. n 

Now we turn to the global computation of the complex {Qf'{M), df - d + dfA). This 
complex can be viewed as the total complex of the double complex {Q.*'*(M), d, dfA). 
Obviously we have the relations 

d^ ^(dfAf ^ [d,dfA] =0. 

There are two filtrations on (A*, df) given by 

So there are two spectral sequences, {'£,•) and {"Er}, both abutting to H*((A*,df)) = H^ . 

One can obtain the result 

'£f'^ff^(if|^,(A-)) 
"£f ^//,^^^(i/^(A-)) 

The second identity is the ^-th cohomology group of the following complex: 



which is equivalent to 



HP(An ^ H^^iA"^'-*) 



l'l-PtHyr\ ''^^. l-l'l+^'PlH4\ ''^'^. 



> H^-'^iM) —^ HY''''(M) -^ ■ ■ ■ . (130) 

We can obtain some explicit result under some requirement to the manifold M. If M is 
a stein manifold, then there is 



Cl,P( 



i/?'^(M) = 0, V/7>0. (131) 



This is true for punctured polydiscs (C*) x C . 
In this case, we get the Koszul complex: 

dfA , , dfA 

>Q'?(M)-U Q«+i(M)-— ^ ■■■ . (132) 

Theorem 2.63. Suppose that M is a complete noncompact stein manifold, then we have 

Hl^ = ®Q<p<kGrPHl^ = ®o<p<kH'';fl{Q.P) 

0, ifk < n 

£l"/df A£l"-\ ifk^n. 

In particular, we have the two consequences: 

(1) if{£."*^, W) is a section-bundle system with the potential being a non-degenerate 
quasihomogeneous polynomial, there is isomorphism 



ik 



a, 



0, ifk < n 



Hl^i ^V , ,,r ;;,,_„ (133) 



zo, ■ ■ ■ 



,Zn]/Jw, ifk = n 



Here Jw is the Jacobi ideal ofW. 
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(2) if(T",f) is a section-bundle system with non degenerate and convenient Laurent 
polynomial f, then 



jk 



0, ifk < n 



H- — 

'"'lu--- ,Zn,z^\--- ,z^^]/Jf, ifk^n. 



There are two natural maps: 



'1 ■■ "h/M^ - ^(*5„(2))(^)' '2 ■■ "h,.^ - "im 



Proposition 2.64. The maps 



'1 ■■ "ks/M^ - ^(SM2))(^)' J ■- '2 ° '■' ■ "kB,, - ^i/^) 



are injective. 



Proof. It suffices to prove that (2 °ii - J '■ H*^ (M) — > H*- (M) is injective. Let ^ be a class 
in //* ^ (M). Suppose that the image j([ip]) is zero in H^ (M), i.e, there exists a smooth 
^ - 1 form (^ such that 

^ = dfif/. 

Notice that d/^ = near the infinity place. Hence there exists a (k - 2) form 77 such that 
if/ - d/rj vanishes near the infinity place. This fact is true since the cohomology groups 
Ht. are trivial when restricted to the infinite far place (fundamental tame condition). This 
shows that /] is injective. n 

Remark 2.65. The map (2 : H% ,,^, — > HI (M) need not be injective or surjective. Since 

Jf" ^ H"- (M) and H"- (M) ^ n^/dfAQ.''-^ we can define the map /2 by the following 

map i()h : ^" — > Q."/df A Q""' if M is simply-connected: let a e J/f", then by poincare 
lemma l2762l there exists a unique holomorphic «-form /o/,(a) e Q."(M)/df A fi" '(M) and 
a smooth (« - 1) form i// such that 

a^i^y,(a) + ^flf/. (134) 

We can define another map //,(> : Q."/df A Q""' -^ Jf " as follows. Let g e a"{M)/df A 
Q""'(M). Since the Koszul complex K{df, U) over a small neighborhood f/ of 00 is exact, 
there exists a holomorphic « - 1 form f such that g - df A g — djig) on U. Take a cut- 
off function x which is 1 on a smaller domain of U and with compact support in U, then 
g - djixg) is a compactly supported n-form on M, then we define ihoig) - Poig - df(xg))- 
This definition is independent of the choice of ;tf, g. If there is another pair;i'o, go such that 
g - dfixogo) is compactly supported, then df(xg) - dfixogo) is also compactly supported, 
and then Poldfixg) - d/ixogo)] = 0. 

Theorem 2.66. Let (M, g) be a Kdhler stein manifold with bounded geometry and (M, g, f) 
be strongly tame. If f is a Morse function, then 

I. (0, k <n 
dim^* ^\ (135) 

1//, k - n. 

and there is an explicit isomorphisms: 

ioh : Jif" -^ Q."(M)/df A QI'-^M). (136) 
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Proof. Let /r = t/, t e C and p\,- ■■ , /?;, be the critical points of/ or fj. By Witten-Morse- 
Smale theory, there is an isomorphism between the Witten complex (L^(fi*(M)), t/f+/) and 
the Morse-Smale complex {Ct{M, 2Re(f)), d) given by the non-degenerate critical points 
and the negative gradient flow of 2Re(f). Since all the non degenerate critical points 
of 2Re{f) has Morse index n, so only the middle dimensional homology group is non- 
trivial and with dimension /i. By our Hodge theorem and the isomorphism H* - = 

H*{L^(D.*(M)), df^f) s H,{CJM, 2Re{f)), d), we obtain the conclusion. We get a indirect 
isomorphism to the C-space Q." /df A Q""'. Given an order of those critical points. This 
order is the same for any r. As |r| — > oo, the mass of the harmonic n-forms will concentrate 
at the critical points p,. For large r, the map ioh is isomorphic and provides the explicit 
isomorphism between ,J^" and D."(M)/df A D."-HM). d 

By Theorem l2.66l we know that the singular behavior of Jf can only happen when / 
is a degenerate holomorphic function. 

2.6. Z2 -symmetries, orbifoldizing and splitting. 

2.6.1. Z2 - symme tries. 

In compact Kahler manifold, the standard complex conjugate t and the * operator pro- 
vides the Z2 symmetries to the Hodge theory. In our case, if the section-bundle system 
(M, g, f) is Kahler, the twisted Laplace operator A/ is real. Therefore the complex con- 
jugate T provides the Z2 symmetry to the space ^* of harmonic forms. However, the * 
operator does not communicate with A/ operator, instead we have 

*A/ - -A_/ * . 

Denote by .^* the space of A/-harmonic forms and .^* the space of A_/-harmonic forms. 
Therefore if we want our theory keep the Z2 symmetry of *-operator, we should consider 
the total space: 

The Riemannian-Hodge biUnear relation on ^^^ is given by 

<</., lA) = r A i/r A w"-\ V</., <jj e JCf (137) 

Jm 

it is (-l)*^ symmetric and satisfies the relation: 

gi(l>,4r)^{cf>,^'^). (138) 

Therefore, the bilinear relation naturally satisfies the positivity for any primitive harmonic 
forms in J^ot- 

We have the analogous Z2 symmetry relation between cohomology groups. In addition 
to the operator d[ and its complex, we can also consider the complex (Q*,5/) and the 
cohomology Hg . They have the dual relation because of the action of the * operator. * 
operator gives the following commutation relation: 

Therefore we have the following conclusion. 
Proposition 2.67. We have the isomorphisms 
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2.6.2. orbifoldizing and splitting. 

If M is a Stein manifold and / is fundamental tame, then only the middle dimensional 
cohomology groups of H* ^ and Ht^ (M) are not trivial. Hence they have no ring struc- 

{{2),df) Of 

tures when compared to the cohomology ring defined on a closed manifold. To compensate 
this default in LG/CY correspondence, Intriligator and Vafa |IV| used the orbifoldizing 
method. Such idea has been developed by R. Kaufmann to the abstract algebraic structures 
OKaul . Their constructions only provided the state space structure and grading information. 
The orbifoldized singularity theory for a non-degenerate quasi-homogeneous singularities 
has been recently constructed by M. Krawitz |Kr|. The state space correspondence be- 
tween LG A and B model, and between CY model and LG A model for the invertible 
non-degenerate quasi-homogeneous polynomials have been proved in |Kr| and |ChR2|. 
Such idea can be used in our case at the conformal point of the deformation space. 

We take (C", W) as example, where W{z) - W(zi, ■ ■ ■ ,z„) is a non-degenerate quasi- 
homogeneous polynomial with weight qi = wi/d for each variable z,-. Let Gw c t/(l) x 
■ ■ ■ X t/(l) be the diagonal symmetric group of W, i.e., 

Gw = {(«!,■ ■ ■ , a„) e t/(l) X ■ ■ -xUdWiaiZu- ■ ■ , a„z„) = W(zi,- ■ ■ ,z„)Mzu ■ ■ ■ ,z„)). 

There is a cyclic subgroup (Jw) c Gw, where Jw - (e^""'^ ,■■■ , e^""'"). Let subgroup G 
satisfy {Jw) c G c Gw and take y e G, we can define 

C; - {z e C"lr ■ z = z), "r = dimc(C;), Wy = W^^, (140) 

and call sub section-bundle system (C", Wy) as the y-twistor sector of (C", W). Note that 
by Lemma 3.2.1 of IFJR2L is the only singularity of Wy. On each twister sector we 
can study the deformation theory of the Schrodinger operator associated to Wy. What 
extra information can be extracted and the comparison with other orbifolding process is an 
interesting problem. 

Except the orbifoldizing operation, there is another simple phenomenon, i.e., the split- 
ting of the variables of the Schrodinger operators due to the splitting of the section-bundle 
system (C", W = Wi + W2) = (C"' , Wi) x (C"- , W2). In this case, the harmonic form of the 
total space is the product of two harmonic forms of lower dimensional Schrodinger sys- 
tems. Note that such decomposition can't be done for projective hypersurface. An example 
is given by the Fermat polynomials z^' + ■ ■ ■ + zT'- Therefore such splitting at the confor- 
mal point of the deformation parameter space will be very helpful to the computation of 
the topological quantities of the corresponding projective hypersurface s. 

3. Deformation THEORY 
3 . L Deformation of superpotential. 

A superpotential of a schrodinger system is a holomorphic function / : M — » C defined 
on a (non-compact)complete complex manifold M with dimension n. The deformation 
of / will induce the deformation of the Schrodinger equation. In this section, we will 
consider the deformation of the potential and define the so called strong deformation which 
is required in this paper. 

3.LL Milnor numbers . 

Let z e M be an isolated critical point of/, and B(z) be a ball centered at z such that z is 
the only critical point of/ at B{z). Then it is well-known (or see I.Mi.1 ) that the topological 
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2„-l . _ _ df 



degree of the map: 

equals to the Milnor number of / at z, 

^i,(f) := dime ^z/Jf- 

We can also define the global Milnor number of / on a open domain U. 

Definition 3.1. Let dU be the boundary of U which is assumed to be a smooth compact 
2n - 1 dimensional manifold and df\du + 0. Then the Milnor number of / on U is defined 
to be the topological degree of the map 

We denote the Milnor number of / in U by y-uif). 

In particular, if z is not a critical point of /, we define the Milnor number at z to be zero. 
If df has positive dimensional zero locus in U , then we define Huif) - °°- 

The proof of the following conclusions about the Milnor number can be found in Ap- 
pendix B of fMi|. 

Tlieorem 3.2. Let U <z M be an open set and f : U ^ M be a holomorphic function. Let 
V C U be an open subset with compact closure in U with the boundary dV being a smooth 
compact manifold, and such that df\sv + 0, then f has only finitely many isolated critical 
points pi,- ■■ ,piinV and has the identities: 

I 

Furthermore, if f(z, t) is a holomorphic function defined on f/x[0, 1] such thatd^f(z, t)\ + 
ondV y. [0, 1], then 

pv(f(z,0))^pu(f(z,l)). (142) 

We follow Broughton's definition (see iBrj) of a tame holomorphic function. 

Definition 3.3. A holmorphic function / is called tame if there is a compact neighborhood 
U of the critical points of / such that \\df\\ is bounded away from on M - U. 

For tame holomorphic function / we can define the global Milnor number //(/) on C" 
and certainly we have 

M/) < <«• (143) 

3.1.2. Strong deformation. 

Definition 3.4. Let / : M ^ C be a holomorphic function defined on a (non-compact)complete 
complex manifold and S c C" be a (open or closed) domain. A deformation of / on S is 
a holomorphic function F{x, t), 

F -.MxS ->C 

such that F(x, 0) = /. 
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Definition 3.5. Let F'(x, A') : M xS' ^ Chean another deformation of / : M -> C. F' 
is said to be embedded in the deformation F{z, A) : MxS — > C, if there is a biholomorphic 
map g{z. A) : M ^ M for any A e S and an holomorphic submersion tp : S — » 5 ' such that 

F'(x,A')^F(g(z,A),<p(A)). (144) 

If the submersion is a diffeomorphism, then we say that the two deformations are equiv- 
alent. A deformation F is called a maximum deformation, if it can't be embedded into 
another different deformation. 

Remark 3.6. In singularity theory, it is well known that there is a versal deformation of a 
singularity (a germ of function with isolated critical point). In our case, the deformation is 
global, we don't know if there exists a versal deformation. It relates to the automorphism 
group of M. 

Proposition 3.7. Let F : M x S -^ C be a deformation of f. Suppose that for any t e S , 
f is a tame function. Then the function nif) is lower semicontinuous in S . 

Proof. This is because the small continuous perturbation of / will not change the number 
of critical points contained in a compact set K of the manifold M. However the pertur- 
bation may generates new critical points of /, outside K. Therefore ju(/r) is only lower 
semicontinuous. n 

Definition 3.8. Let F : M xS ->Cbea deformation of / : M — > C. It is called a strong 
deformation of f onS c C", if the following two conditions hold (denote by /, = F(-, t)): 

(1) sup,^s IJ-ift) < °°- 

(2) For any t e S , f is strongly tame. 

(3) For any f € 5, A, := Ay, have common domains in the space of L^ forms. 

The third condition is a technique condition. Usually we consider the deformation of 
the form: 

f^f + I!l,tigi. (145) 

The following lemma grantees the condition (3) in Definition [TH 

Lemma 3.9. Let f be a deformation of a strongly tame holomorphic function f having the 
form ( I-/45I ), and satisfy: for any C > 0, |V/|^ - C|Vc?g,| -^ oo as d{z,Zo) —^ oo and there 
exists Co such that |Vg,| < Co|V/| near infinity. Then f, is a strong deformation for small 
t - (ti,- ■ ■ , tm). 



Proof. It suffices to prove the condition (3) in the definition 13.81 We know that ip e 
Dom(Ao) if and only if the graph norm 

Jm 
By L^ Stokes theorem, the above inequality is equivalent to the following inequality 

(Asip, if) + (Lf(ip) + |V/|V, <P) + i<P, <P) < <^- (146) 

Since (M, g, f) is strongly tame, the above inequality shows the equivalence of the graph 
norm || ■ ||i;,o and the following norm: 



Jm 



j 

Jm 



(Ag^,^) + (|V/|2+l)M2<cx,. (147) 
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Since for any C > 0, |V/p - C\Vdgi\ — > oo as d(z,zo) — > oo and there exists Co such that 
|Vg,| < Co|V/| near infinity, (11471 ) is equivalent to 



(A3^,^) + (|V/,|^ + l)M^<oo. (148) 

i 

which is equivalent to the graph norm of A,: 

JM 

This proves the result. n 

Fortunately, most interesting cases we considered in this paper satisfy the hypothesis of 
the Lemma [J!9l Hence when we talk about a strong deformation in the rest of this paper, 
we always do the following assumption; 



Assumption: The deformation has the form ( I-/45D and satisfy the hypothesis of 
Lemma\3.9\ 



We can define the following subsets in S , 

5<„ = {f e S\p{f) < n],Sn = 5<„+i - 5<„. (149) 

Proposition 3.10. 5<„ is a closed set in 5<„+i c S . 

Proof. Since ^{f) is lower semicontinuous, it is easy to see that 5 „ is an open set in S <„+ 1 , 
or equivalently, 5 <„ is a closed subset in S <„+i . □ 

Suppose that ju*^ = sup,^^ ju(/,),ju'" = inf tes ^^{ ft)- Then the deformation parameter 
space can be stratified as follows: 

S ^[^S„. (150) 

Definition 3.11. Define the subset 5° of S„ to be set of t such that all the critical points of 
/, are non-degenerate critical points, i.e., all are Morse critical points. 

In the following parts, we will consider two interesting deformations: one is the defor- 
mation of the non-degenerate quasihomogeneous polynomials and the other is the defor- 
mation of the Laurent polynomials defined on the algebraic torus. 

3.1.3. Deformation of non-degenerate quasihomogeneous polynomials. 

Let W - W{zi, ■ ■ ■ , z„) be a non-degenerate quasihomogeneous polynomial and is the 
only critical point on C" . Let p - yu(/) be the corresponding Milnor number Then we can 
consider its miniversal deformation F{z, t) : C" x C^ — > C. This miniversal deformation 
can be realized as follows, we can take a basis Gi, ■ ■ ■ ,Gf, generating the local algebra 
Qw,o - ^w,o/Jw,o and meanwhile require that the degree of the polynomial G, is less 
than fi. The later fact is ensured by Lemma 1 in PP. 122 of lAGVI . Then the miniversal 
deformation is given by 

F(z,t) = W(z) + J]tjGj{z). (151) 

In particular, we take Gi = 1, the constant map. 
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Following physics' notion(see for example, OKTSI ). we can distinguish the role of each 
monomials. 

Definition 3.12. Assume that W has weight 1. We can think of the deformation of F as a 
quasihomogeneous polynomial of (z, t). Then each deformation parameter f,- is called: 

(1) relevant, if the weight of f,- is positive; 

(2) marginal, if the weight of f, is zero. 

(3) irrelevant, if the weight of f, is negative. 

It is interesting to check the miniversal deformation of the singularities on Arnold's 
classification table li AGVI . Here we consider the simple singularities and the unimodal 
singularities. 

(1) Simple singularities includes the following A, D, E singularities: 

A„: W = x"+i, n> 1; 
D„: W = jc""' +xy^, n > 4; 
£6: W = jc^+/; 
Er- W ^ x^ +xy^\ 

Er. W = X3+/; 

The miniversal deformations of those singularities are relative, therefore by Theorem l2.43l 
such deformations are strong deformation according to our definition. 

(2) Unimodal singularities. Such type singularities includes the three big groups: 
(i) The triply indexed series of 1 -parameter families of hyperbolic singularities: 

Tp „ r{a) : W(x, y, z) - x'' + y* + z'' + axyz, - + - + - <l,a + 0. 

p q r 

This is a strong deformation. Consider the miniversal deformation of Tp^^^ria)- In 
this case, the possible polynomial with the highest degree has the form: x''~^y''~^, 
whose degree may exceed 1. Therefore the miniversal deformation of Tpqria) 
contains irrelevant deformations, 
(ii) Three one-parameter families of parabolic singularities: 

P8: W(x, y, z)^x^ +y^ +z^ + axyz, a' +11 + 0; 

X9: W(.x, y, z) = x'* -H / -H axV , a^ + 4; 

/lo: W(x, y, z) = x^ H- / H- ax V, 4a^ -h 27 ^ 0. 
If we take the parameter a as the deformation parameter, then a is a marginal 
variable. The other parameters appeared in the miniversal deformation are rela- 
tive variables. Therefore by Theorem 12.431 the miniversal deformation is strong 
deformation. 
(iii) 14 Exceptional singularities. 

£12 : x^ +y'' + axy^, £13 : x^ + xy^ + ay^; 

Ei4 : x^ +y'^ + axy^, Z\\ : x'y +y'^ + axy'^; 

Z12 : X y + xy + ax y , Z13 : x y +y + axy ; 

W12 : x^ +y^ + ax^y^, W\-i : x'^ + xy^ + ay^; 

gio : x^ -H / -H yz^ + axy^, Qu ■ x^ + y^z + xz^ + az^; 

Q12 '■ X +y +yz + axy , S n : x + y z + xz + ax z; 

S 12 : x^y + y^z + xz^ + az^, Un : x^ +y^ +z^ + axyz?'. 

In this case, all the miniversal deformation contains the irrelevant variable a. 
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So in this case the behavior of the functions |VH^(fl)p-C|Vt/W(a)| at the infinity 
is much influenced by the irrelevant a term and the method of Theorem l2.42l can't 
be used. So in this case whether is the discrete spectrum of the Schrodinger 
equations are not clear yet. 

Therefore we reach our conclusion: 

Theorem 3.13. The miniversal deformation of the simple singularities A„, D„+\, E^, E-j , E^ 
and the unimodal singularities P^^Xq, J\q, and the deformation ofTp^q,Ao) are all strong 
deformations. 

3.1.4. Marginal deformation of nondegenerate quasihomogeneous polynomials. 

There is a particular interesting deformation of a non-degenerate quasihomogeneous 
polynomial with given type. Actually Pi,Xg, Jn) are such deformations. Such deformation 
has a global C* action, hence the marginal deformation induces the complex deformation 
of the hypersurface in projective spaces. 

Let us simply recall some basic results in the deformation theory of compact complex 
manifolds. Let Xq be a compact complex manifold. Then a smooth deformation of Xq is a 
fibration X — » (5,0), where S is the deformation space and the fiber at is just Xq. Two 
deformation X — > (S, 0) and (Y — > (T, 0)) is called equivalent if there is a fiber-preserving 
biholomorphic map between X and Y. If (T, 0) — » (S, 0) is a holomorphic map, then we can 
have the induced deformation Y — > (T, 0) which is the pull-back of the fiber X — » (5', 0). 

Definition 3.14. A deformation of Xq is called complete if any other deformation of Xq 
can be induced from it. If the inducing map is unique, we call the deformation universal. If 
only the derivative at the base point is unique it is called versal. Versal families are unique 
up to isomorphism. 

A local deformation of complex structure in a small neighborhood {/, is given by a 
holomorphic vector field v,. The difference v, - Vj in Uj n Uj defines a Cech cocycle 0{v) 
with value in the sheaf &Xo of germs of holomorphic vector fields on the fiber Xq . Therefore 
each deformation v of Xo gives a KS (Kodaira-Spencer) class by the KS map: 

p:Tsfi^e(v)eHHx,&x). 
We have the Kodaira's completeness theorem (see for example, BKol or IICMPII '). 

Theorem 3.15. 

(1) A smooth family of compact complex manifolds with a surjective KS map is com- 
plete at the base point. In particular, if the KS map is a bijection, the family if 
versal. 

(2) If H^(X,@x) - 0. Then a versal deformation for Xq exists whose KS map is an 
isomorphism. 

(3) If moreover H^iX, ©x) = 0, this versal deformation is universal. 

However, the existence of the versal deformation did not known until Kuranish's theo- 
rem BKurl after generalizing the deformation notion to analytic space: 

Theorem 3.16. For any compact complex manifold Xq there exists a versal deformation 
with a bijective KS map. If Tfi{XQ, ©Xq) = 0, such a deformation can be chosen universal. 
The base S of the deformation is the zero locus of the Kuranishi map K : //'(Xq, ©Xq) ~> 
H^(Xo, ©x„) which satisfies dK(0) = 0. 
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In particular, if ^ = (for example, H^(Xq, ©x,,) - 0), then the Kuranishi space S is 
smooth. 

The deformation theory of Calabi-Yau manifolds are in particular interesting because 
its importance in string theory. The following theorem due to Tian QH says that there is 
no obstruction for CY manifold: 

Theorem 3.17. IfXo is a compact Kdhler CY manifold, then the local universal deforma- 
tion space ofXo is isomorphic to an open set in //'(Xq, ®Xo)- 

Now if Xo is a 3 -dimensional compact Kahler CY manifold, then by serre duality, there 
is 

H\Xq,@x,) = HUXQ,n\Kx„)) = //i(Xo,n') * 0. 
This says even the obstruction space H^(X(),@Xo) is not zero, the Kuranishi space is still 
smooth. 

The deformation theory of a smooth hypersurface in projective space can also be de- 
scribed clearly. 

Let P""' be the projective space with homogeneous coordinates [zi, ■ ■ ■ ,z„]. Let / be a 
nondegenerate homogeneous polynomial with degree d, then / defines a smooth hypersur- 
face X = {/ = 0) in the projective space. Let S'^he the parameter space for the tautological 
family of degree d hypersurface in P""' . So in general the deformation has the form: 

f(z) = fizf + f2zf'z2 + ■ ■ ■ + tf,4. (152) 

The number fi of the monomial z/ ■ ■ ■ Zn" of degree ki + ■ ■ ■ + k„ - dis 

in - I +d\ 



The tangent space at Xq is 



, , (153) 

d 



T^Tx,=S''lCf, 



ToS = S^'/Ji. (154) 



On the other hand, the group GL(n) acts on the homogeneous polynomials and the tangent 
space of the orbit space is ji/Cf, where ji is the ideal generated by these polynomials 

Zjjr,i, j — 1, ■ ■ ■ , n. In fact, we can choose a one-parameter transformation g,: Zj — > Zj + tZi 
and fix all other variables. Then 

d df 

-rXSi ° f)\t=i) =^<T-> 
dt dzj 

which shows that the tangent space of the GL{n) orbit at / is given by J^/Cf. Therefore, 
we have the isomorphism: 

Let Vx„/p"-i be the normal bundle of Xq in P". Then the infinitesimal deformation of Xq in 
P""' is classified by H^\Xq, Vx^/f-')- For any v e Tsfi, we can define a characteristic map 
o" : Ts,o -> H'^iXo, vx„/p"-i ) such that 

TqS = S'/Jf = i/°(yz„/P-.)- (155) 

Let 

be the coboundary map defined by the exact sequence of sheaves: 

^ 0Xo ^ 0p"-i lx„ -^ vx„/p«-i -^ 0. 

Then it is easy to see the KS map K is the combination map 6 o cr. The map K sends the 
element G eS'' to f + tG. 
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On the other hand, we have the exact sequence: 

-^ @Tp.-i(-d) -^ ©p»-. ^ 0p.-i|xo -^ 0. (156) 

By Bott vanishing theorem, we have 

//'(0p„-,) = //"-2(q;„_,(-„)) = o, 

and 

i/2(0p»-i(-J)) = O, 
unless n = 4, li = 4. By exact sequence of the cohomology group, we have 

ffk0p-.k) = o, 

unless n - A,d - A. This shows that the coboundary map 6 is surjective and so the KS map 
is surjective. Since the map 

S'/JJ^H\Xo,&Xo) (157) 

is an isomorphism, by Kodaira completeness theorem this provides a versal family. Since 
the automorphism group H'^(Xo, &Xg) - 0, this is also a universal deformation. In summary, 
we have 

Theorem 3.18. Assume that n > 4,d > 3. Except the case n — 4,d — 4, the universal 
deformation of a smooth hypersurface in P""' with degree d is given by the isomorphism: 

S''/jf^H\Xo,&x„)- (158) 

The dimension of the moduli space S is 

in - I + d\ , 
. = ( , )-n\ (159) 

Example 3.19. Consider the moduli space of elliptic curves, then the dimension is 



2 + 3 
3 



i2 



3^ = 1. 



Example 3.20. Consider the moduli space of the quintic polynomials in IP, then the di- 
mension is 

"n— ■ 

Our analysis of the moduli of the deformation space implies the following conclusion 
about the number of modules: 

Theorem 3.21 (LG/CY correspondence between moduli numbers). Let f be a smooth 
hypersurface of degree d in the projective space P""'. Ifn>4 and d > 3 but except the 
case n — 4,d — 4, then the dimension of its deformation space equals to the number of 
marginal deformations in the universal unfolding of the singularity f. 



Proof. We know that the number of moduli of the hypersurface of degree d in the projective 

space P""^ is 

(n - I +d\ , 
. = ( , )-n^ (160) 

On the other hand, as singularity germ / is holomorphic equivalent to its normal form, the 

homogeneous Fermat polynomials /o = z^ H \-z!^. Its Milnor algebra at is generated by 

the polynomials z^' ■ ■ ■z^',0 < ki < d -2,i - 1, ■ ■ ■ , n. So we need to compute the number 
of polynomials Zj' ■ ■ • z„" with ^i + ■ ■ ■ + fc„ = li in the Milnor algebra. Imagine that we have 
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d white balls and n-\ red balls in one line, and then in total we have n-\ +d balls in one 
line and order them from lion- \ + d.\f we ignore the colors of the balls, then there are 

"-^;i (161) 

n - 1 / 

ways to choose n-\ balls. This is equivalent to insert « - 1 red balls into the d white balls. 

However, we must rule out the choices with respect to the decomposition d - d + Q and 

d - (d-\)+\. For d - d + Q, there are n ways to insert the d white balls together into the 

two neighboring red balls. For d - (d - \) + \, there are n(n - 1) ways to put d - I white 

balls together between two neighboring red balls and the rest one white ball to other gap. 

So we have 

ln'\+d\ 

- n - n{n - 1) 

marginaldeformationsin the universal unfolding of the singularity z^ + ■ ■ -+2^. This proves 
the conclusion. n 

Remark 3.22. For any n, d, the number of marginal deformations in the universal unfold- 
ing of / = Zj + ■ ■ ■ + zf is given by ( 11611 ). In case n - 4,d = 4 which corresponds to K3 
surface in P^, the moduli of the complex structure is H^{X, @x) - 20 (ref. |Kol, Page 247). 
The reason is that one dimensional deformation is non-algebraic (is transcendental). The 
number of the marginal deformations in the universal unfolding of / is 19. The moduli 
of the quadratic surface has been given in some formula of LKoJ and the dimension of the 
Milnor number of the singularity /is 1 . 

3.1.5. Deformation of nondegenerate and convenient Laurent polynomials. 



S. Barannikov BBarl has studied the Frobenius manifold associated to a special Lau- 
rent polynomial and compare it with the quantum cohomology of CP" . Later Douai and 
Sabbah ( IIDoLllDSTl . MDS2 1.l'Sa1) have studied the deformation theory for general nonde- 
generate and convenient Laurent polynomials defined on the algebraic torus (C*)". They 
can construct the Frobenius manifold structure based on this deformation. We will show 
the deformations they considered are actually strong deformation in our notation. 

Let / be a convenient and nondegenerate Laurent polynomial. The C-vector space 
Qf - C[zi, ■ ■ ■ ,Zn,z\^ , ■ ■ ■ ,z^^]/Jf is finite dimensional and its dimension //(/) is the sum 
of the Milnor numbers of / at each critical point. Let {gi, i = 1, ■ ■ ■ , r) be the set of 
monomials such that their corresponding lattice points are contained in the interior of the 
Newton polyhedron of/ and injects to the Jacobi space Qf. Then the deformation is 

r 

F(z,t)^f(z) + J]tjgj. (162) 

j=i 

We call it as the subdiagram deformation. It was shown in PP. 23 of [SaJ that for any t - 
(f 1 , ■ ■ ■ , fr) £ C*^ the Laurent polynomial F{z, t) is convenient and nondegenerate. Therefore 
by Proposition l2.48l we have the following result. 

Theorem 3.23. Let f be a convenient and nondegenerate Laurent polynomial defined on 
the algebraic torus (C*)". Then the deformation F(z, t) with base C defined by identity 
U62\l is a strong deformation. 
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3.2. A priori estimate, existence and regularity. In this section, we always keep the 
following basic assumptions: 

• (M, g, f) is a strongly tame section-bundle system. 

• Ao is not a spectrum point of A/, and the section 41 e Dom(A/) satisfies the equa- 
tion {Aq - Af)(fi - if. 

Since (M, g, f) is supposed to be strongly tame, there exists a compact set K^^ c M such 
that for any z i Ka^^, the following inequality holds 

2^0 + ^|V/|2 < 2\L{Vdf)\ + |V/|2 < 2|V/|2. (163) 



where L(V5/) := gi^'V JiLg.dz' ^ and Lf(-) = L(V5/) ■ +L(V5/)-. 
We have the global energy estimate. 

Lemma 3.24. Under the basic assumption in this section, the following inequality holds 

r m^ + lavi' + iv/iVi' < c r \ip\\ (164) 

Jm Jm 

where C depends on (M, g, /), Aq and the distance of Aq to the spectrum of h.f. 

Proof. We have 

(A/^, ilj)i2 = (/lotA, i/')l^ - (V, (/')l2- 



Since A/ = A,, -H L(V<9/) o +L(V5/)o + |V/p, we have 

r I5.AI' + I^Vl' + IV/lVl' + r 2Re{Uydf) o ^,«A) < (^0 + 1)II«AIIl^ + \Ml2- 
Jm Jm 

Notice that ( I163l l holds for z e M - /T^iu , so plus the interior integration over K^a we have 

the estimate: 

r i#p + i5Vi' + dv/ivi' 

Jm ^ 

< (^0 + 2)||7?,„(A/)^|L2 + 11^11^2 < Cml.^^y 

So we proved the conclusion. n 

The following lemma gives the local energy estimate near the infinite far place: 

Lemma 3.25. Suppose that the basic assumption in this section holds. Then for any ball 
Br{zo) n K^f, -% ,we have 

r |V^|2 + |V/|2|^|2 <C { |^|2 + 1^|^ (165) 

JBr(Zo) JBrIzo) 

1 
where C only depends on the geometry of(M, g, f) and Aq. 

Proof, h&ixiz) be a smooth cut-off function with support in Baizo) and equals 1 on Br (zq). 
By the equation of tfr, we obtain 

r ^(iA,;rV) - (A/(A,A^V) = f if, ^)x'- 
Jm Jm 



Note that Ay = Ag -h L{Vdf) + Uydf) + |V/r, replacing it into the above inequality, there 

is 

r ;r'|V«Al'+|V/lVl«Al'+2^e(L(V5/)o^,^);^2_^^^2|^|2 ^ _ f ^^^^)^2_ f (v^^ 2;^V;r<A)- 

*J Bn *J Bn \J Bn 
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So we have 

J;r'lV«Al' + (iv/l' - 2\L{Vdf)\ - ^)|^iy < J \ipU\x^ + |V«AI|V;rW«AI. 
By Cauchy inequality, there is 

r /IV^I' + (|V/|2 - 2|L(V5/)| - ^0 - emV <cA (|.^l Y + \^x\M\ 

JBr ^ Br 

So we get the conclusion. D 

The following lemma gives the weak maximum principle near the infinite far place: 

Lemma 3.26. Suppose that the basic assumption in this section holds. I/Bj^izo) n K^^ — 0, 
then 

SUp\>//(z)\ < CimknB,) + MlHBr))' 
Br 

where C only depends on (M, g, /) and Aq. 
Proof. We have the identity 

A|^|2=(AiA,<A) + (^,AiA)-2|ViAP 

=(-|V/|')|«Al' - 2|V«Al' + (-IV/I Vl' - 4Re(Lf o (^), ^) + 2Ao\ifrf) - 2Re(ifr, <p), 
Hence if the point z i K^^ , we have 

A|«Al' + 2|V^|2<2|^IM, 
and then in weak sense that 

AI-AI < 1^1- (166) 

By weak maximum principle (see BHLIIGTI ). if Br(zo) i~i ^^o - ®' ^^^'^ 

SUp|^^(z)|<C(||lAlb(Bri + ll^lb(B„)). 

Br 

1 

D 

Corollary 3.27. Suppose that the basic assumption in this section holds. Then as d(z, Zo) — » 

OO. 

and the following inequality holds: 

sup mz)\ < CMl2^m), (167) 

where C only depends on (M, g, f) and /Iq. 

Proof. Since t//,(f e L^(M), for any e > 0, there exists aRo > such that 

\W\lHm'^^) + W'pWlHm'-^^) < e, 
where M^ := {z € M\d(z,Zo) > Ro). By Lemma [3^261 there is 

sup |iA(z)| < Ce. 

Br 

T 

This shows that \iff(z)\ — > and the second conclusion holds naturally. n 
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Now we want to estimate the higher order derivatives of <p. We define a subspace in 
L}(M) space, W*'^(M), whose norm is given by 

\l/2 



M\wY(M) 



^ \ \D'ip\^dVM 



yi,\i\<k 



(168) 



Here the first order operator D represents df or dl. We know that if (M,g,f) is strongly 
tame and k - 1, then the norm || ■ ■ ■ lljyi ^/^^ is equivalent to the following norm: 



|V^|2 + (|V/|2 + l)flfvM 



1/2 



Theorem 3.28. Suppose that the basic assumption in this section holds. Furthermore 
assume that ip e W J (Buizo)), where -S«(Z()) n K^^ — 0. Then there exists a constant Ck 
depending only on the geometry of(M, g, f) and A^, k such that 

Y, \ |VDVnV/P^- < C, (ll^llL.^,^,„, + mlKB.i^,] (169) 

/j,|/|+j=H«f(~») ' 

Proof. We consider k - \ case in detail. Notice that 

(^0 - A/)5/^ = ~dfip, {Aq - Af)d^^i// = 5|(^. 

Replacing d/tp and dltfi into the inequality in Lemma [3]25] respectively, we get two in- 
equalities and then sum them to get 



|V5/.Al'+|V5;..Al'+|V/|'(lM'+l5>l') < C {\~dfif,f + |5}.Al' + I5>|' + I'dfipf) 






Applying the strongly tame condition to the left hand side and applying Lemma [3.25l to the 
right hand side, we obtain 



Bsfeo) 

T 



|V5y^|^ + |Va}^|^ + |V/hV^P + |V/|VP < C(||^||2^,,^^^^^^^^, + mlHBRi,.,,)- (170) 



k >2 cases can be obtained by recursion method. n 

Now we can get the uniform estimate for the derivatives of ifr: 

Theorem 3.29. Suppose that the basic assumption in this section holds and assume that 
(fi € W,' (M). If Bk(zq) n K,ig = 0, then there exists a constant Ck such that for any 
/, |/| < A: + 1 the fallowing holds: 

sup IDVI < C, (ll^ll^U(B,(,„)) + miLHBRiz,))) (171) 

T 

where C only depends on the geometry of(M, g, f) and Aq, k. 

Proof. D'^ satisfies 

(^0 - A/)(dV) = D'ip. 
By Lemma [3. 261 we have 

sup IdVI < Ck (||dV|Il^(B3«(zo)) + II'DVIIl^cb.^czo))) 

B«(zo) V X T / 
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By Theoi'em l3.28l and the lameness of (M, g, /), we have the estimate 

Jbir 









<Ck-l 


W^fiBR, 


,)) + II'/'IIl^(««(zo» 


Therefore, 


we 


have the estimate 












sup \D'ifr\ 

Br (Zo) 


1 


+ U\\LHBn{z,))- ■ 

J 



(172) 



Corollary 3.30. Suppose that the basic assumption in this section holds and assume that 
if e W"(M). Then for any I, \l\ < k, 

\D't//{z)\ -^ 0, as \z\ -^ oo. 
Furthermore, we have the estimate 

sup |dV(z)I < CkM\^K2 (173) 

where Ck only depends on the geometry of(M, g, f) and Aq, k. 

3.2.1. Equivalence of the norms. Here we will discuss the relations between D' and V'. 

We have four basic operators d, d, dfA, (5/A)' . They satisfy the following commutation 
relations 

[d\dfA] = gP'VyfiLa.dz'A = .ffLa.dz'A 

[d,(dfA)U^J%dz'A, 
[d,dfA]^0, [5',(5/A)']=0. 
The first order differential operators of D' have two which have the formulas: 
df^d + dfA^d + fadz"A, 3} = 5' + /ifl,. 
The second order operators have two which have the formulas: 

~dydf = ~d'~d + fia^'d - fadz" A -5"' + f^ia-dz' A +rLa„ ■ (fhdz'A) 

~dfd]. = 55' + fadz" A 5"'" - fia.'d + J^ia.dz' A +f„fdz" A -la,. 
The higher order differential operators have the four types: 

Here 

^f = Ag + f^ia.dz' A +fUa,dz' A +|V/|l 
Each operator then has the types D1D2D1 ■ ■ ■ D[ or D1D2D1 ■ ■ ■ D2, where Di can represent 
df or dl and D2 then represents the rest one. We need move all the terms fadz"A or fia,, 
from the sequence to the left hand side. When commuting with d or d^ , a higher order 
derivatives of/ will generate. Hence finally, all the terms in D1D2D1 ■ ■ ■ Di have the form: 

cijV'''fV^'-'',Q<k< s. 
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where i is the length of DiDiDi-'-Di and V^' = V" ■ ■ ■ V",// e {1, ■ ■ ■ ,n, 1, ■ ■ ■ ,n). 

If the length is 2s, then the highest order derivatives is permutation of d,d^'s and the 
0-th order term is 

|V/|2-^- ^ ciV'f-L, 

/,|/|=2.v 

where L is a multiplication operator preserving the degree of the forms. 

Definition 3.31. Let {M,g,f) be a strongly tame section-bundle system. If for any s - 
1, 2, ■ ■ ■ , and for any C > 0, the following relations hold: 

|V/|'' -C J] IVVl ^ ex,, as d(z,Zo) ^ 'x,, (174) 

/,|/|=2.v 

then / is said to be strongly regular tame and (M, g, f) is said to be a strongly regular tame 
section-bundle system. 

Example 3.32. Let W be a nondegenerate quasi-homogeneous polynomial, then (C'^, W) 
with the standard Kahler metric is a strongly regular tame section-bundle system. 

Example 3.33. Let / be a nondegenerate and convenient Laurent polynomial defined on 
the algebraic torus T, then {T, f) with the standard Kahler metric is a strongly regular tame 
section-bundle system. 

Proposition 3.34. Let (M, g, /) be a strongly regular tame section-bundle system. Then 
the norm \\ ■ W^k.i is equivalent to the following norm 

Proof. Apply pointwise interpolation theorem to derivatives with middle order. n 

3.2.2. Existence and regularity. We know that if Aq is not a spectrum point of Ay, then 

(/lo-A/)^/' = ^ has a unique solution in W/ (M)if^ e L^(M). Thisisa weak solution of the 
Schrodinger equation. The existence of the weak solution is equivalent to the application 
of the Lax-Milgram theorem for quadratic form which is coercive and has positive lower 
bound. If (fi e W^'^(M), then i// € W^^''^(M). We can define a function class Yf consisting 
of the smooth function u such that for any /, 7, |/|, |7| = 0, 1 , ■ ■ ■ , the following holds: 

sup |VV||V-'m| < oo. 

M 

If / is a polynomial, then ^ c S'f, the function space of rapid decrease. In particular, the 
function space of compact support Co(M) c ^ for any holomorphic function /. 
We have the existence and regularity theorem: 

Theorem 3.35. Let (M, g, f) be a strongly tame section-bundle system and assume that Aq 
is not a spectrum point ofAf. If ip e S^f, then the equation 

(io - A/)(/r = (p 

has a unique solution in W/ {M) for any k. 
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3.3. Continuity of the spectrum. Above all, we cite some conclusions about unbounded 
self-adjoint operators in functional analysis. The reader can refer to Theorem VIII 20, 
Theorem 23 and Theorem 25 of the book [RS] to find the proof of Proposition [3371 

Definition 3.36. Let A„,n = 1, ■ ■ ■ , and A be self-adjoint operators. Then A„ is said to 
converge to A in the norm resolvent sense if their resolvent Ra(A„) — » Ra{A) in norm for 
all A with imA i^ 0. A„ — > A is said to converge in strong resolvent sense, if the resolvent 
Ra(A„) -> Ra{A) strongly for all A with imA^O. 

Here we only use the norm resolvent convergence. 

Proposition 3.37. The following conclusions hold: 

(1) Let {A„)^j and A be self-adjoint operators with a common domain D and norm 

\\-\\DWi"th\\<p\\D^\\A^\\ + M-If 

sup ||A„^- A^ll — > 0, 
IMb=i 

then A„ — > A in the norm resolvent sense. 

(2) IfA„ -^ A in the norm resolvent sense and f is a continuous function on R van- 
ishing at oo, then ||/(A„) - f(A)\\ -> 0. 

(3) Let the interval I — [a,b] C R has no intersection with the spectrum cr{A) of 
A,thenfor large n the projection Pi(An) is well-defined and satisfies 

\\P,(A„)-P,(A)\\^0. 
Consider the strong deformation with the form f = / + 2/ ^iSi- 
Lemma 3.38. Let (f e Dom(Ao) and Hv'llg.o = 1, then 

||A,^-Ao^||l2 ^0. 
Proof. Since A, - Aq is a symmetric operator, it suffices to prove that 

\(A,-Aq(P,(P)\ -^0, 
for any tp such that ||i^||^,o < oo. We have 

|(A, - Ao<p,<p)\ = |(L(V%,)(^),^)(f,) + |f,l'|Vg,lVl' + 2tiReC^fcp,Vgicp)\ 

<kiiiv/^ii' < |f|ii^iij,o. 

Thus 

||A,^-Aoi^lb -*0. 

□ 

Therefore bv l3.38l and Proposition l3.37l we have the corollary: 

Corollary 3.39. Let the interval I — [a,b] c R has no intersection with the spectrum 
o'(Af) of Af, then there exists a constant 6 > 0, if\t\ < 6, then 

dimimP/(A,) = dimimP/(Ao). 

By Theorem l2.2l we can list all the eigenvalues of A, in the following order: 

Q ^ A,{t) < A2{t) < ■ ■ ■ Akit) < >oo. 

We have the continuity theorem of eigenvalues: 

Tlieorem 3.40. A^it) is a continuous function for t e S. 



58 HUIJUN FAN 

Proof. This theorem can be proved using the induction method with respect to k. The only 
required fact is Lemma D. 381 The reader can refer to Theorem 7.2 of BKol for a detail 
description of the proof. n 

Let P() , be the projection operator from the iJ space to the space of A,-harmonic forms. 
By using Lemma [3.38l we can easily prove the following result: 

Theorem 3.41. dimPo,/ is uppersemicontinuous in t e S . 

3.4. Estimate of the eigenforms and the Green function. We use the maximum prin- 
ciple of the scalar Laplace operator to build the decay estimate of the eigenforms of A/. 
Consider the fundamental solution of the following linear scalar equation: 

(A + a^)E(z) = 6(z), (175) 

where A^ is a given nonzero constant. 

Lemma 3.42. Let (M, g) be a n- dimensional complete non-compact Riemannian manifold 
with bounded geometry. Then the fundamental solution E(x) of the operator exists and is 
unique. It has the approximating estimate as d(x, xq) — > oo.- 

Ea(x) = c(d(x, xo)y"-'^'^e-"'"^'^-'"\l + o(l)). (176) 

Here d(x, xq) is the distance function from the point x to xq. 

Proof. If M is the standard Euclidean space, then the function {d{x, xo))*""'-'^^e"'"'*-'"'*^ is 
the fundamental solution of the equation (1175b . If M is the complete Riemannian manifold 
with bounded geometry, the conclusion is obtained by using comparison principle. n 

Theorem 3.43. Let (M, g, f) be a strongly tame section-bundle system and ip is an eigen- 
form of Af corresponding to the eigenvalue A. Then there exists a constant C,for any a > Q 
there is : 

\ip\ < Ce-'^'"''\ (177) 

where zo is an arbitrarily given base point on M. 

2 2 

Proof Since ip is an eigenform of the self-adjoint operator A/, it has W,^'^ smoothness. By 
LP and Schauder theory of elliptic operators, (p is C". 
The Laplace operator on M is given by 

Let ^ be a eigenform of A/ with eigenvalue A, i.e., 

Aip - Afifi - Aip + Lf o ((p) + \Vff(p. 

Then We have 

AM2=(A^,^) + (^,A^)-2|V^|2 

^(2A - |V/|2)|^|2 - 2|V^|2 + (-IV/I Vl' - 2Re{Lf o (^), ^)), 

or for any a > there is 

(A + fl2)|^|2 ^ (fl2 +2A- |V/|2)|^|2 - 2|V^|2 + (-|V/|2|^|2 - 2Re{Lf o (^), ^)). 

There exists a constant R depending only on M, a and the geometry of the section bundle 
system (M, g, f) such that outside the ball Br{zq) the following inequality holds 

(A + a^)(\ip\^ - MEaiz)) < 0. 
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Now we can choose M large enough such that on dBR(zo), there is 

M\z) - MEaiz) < 0. 
Using the maximum principle in M - Br(z()), we obtain the conclusion. n 

By the continuity theorem of the spectrum, Theorem l3.40l we have: 

Corollary 3.44. Suppose that (M,g, f,) is a strong deformation of the section-bundle sys- 
tem (M, g, f) in parameter space S . Then for any eigenform ipkiO of At with respect to the 
eigenvalue Ak{t) < Aq, there exists a constant Cq only depending on {M,g, f) and Aq such 
that 

\ip\ < Coe-'"'^'''o\ 

3 .4. 1 . Estimate of the higher order derivatives. 

Let {(fi. A) be a solution of the eigenvalue problem (A - Af)ip = 0. Choose a point /lo e R 
which is not a spectrum point of A/. Then we have 

(^0 - A/)^ = (^0 - A)^. (178) 

By bootstrap argument, we know that (/? e W,' (M) for any k. By Theorem l3. 2813.291 we 
have the following estimate. 

Proposition 3.45. Let /r^„ be the domain in Lemma \3.25\ and Br{z) Pi K^^ — 0. Then there 
exists a constant Ck depending only on the geometry of{M, g, f) and Aq, A, k and any a > Q 
such that 

2 r |VDV|^|V/|^^' < C^e-"**-"'-^', (179) 



and the pointwise estimate: 



|DV(z)l < Cke-""^-''"'. (180) 



Proof. Since for any /, |/| = 0, 1, ■ ■ ■ , D'tp is a solution of the equation ( 11781 ). we can use 
the local energy estimate. Lemma 13.251 to get the control of the local W/ norm by the 
local L^ norm of (p. Replacing this estimate into Theorem |3. 2813.291 we get the control by 
the local L^ norm. Finally we use Theorem 13 .43 1 estimate to get the decay estimate. n 

Similarly, we have the uniform decay estimate for the strong deformation. 

Corollary 3.46. Suppose that (M,g, f) is a strong deformation of the section-bundle sys- 
tem (M, g, f) in parameter space S . Then for any eigenform tpit) of Af with respect to the 
eigenvalue A{t) < Aq (Aq is assumed not to be a spectrum point of any AJ, there exists a 
constant Ck only depending on (M, g, /), Aq and any a > such that the following estimate 
hold: 

\D'>f{t,z)\ < Qe"''*''»\ foranyl, \I\ < k. 

3.4.2. Estimate of the Green function. Let G(z, w) be the Green function of A/, i,e, it sat- 
isfies 

{Af)fi{z,w) = 6{z-w). 

In the domain {(z, w) e M x M\dist{z, w) > 1], G{z, w) is a harmonic form and so has the 
following decay estimate: 
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Proposition 3.47. For any (z, w) e MxM such that the distance dist(z, w) is large enough, 
there exists a constant Ck only depending on (M,g, f),Ao and any a > such that the 
following estimate hold: 

\DiG(z, w)\ < Ck""*'"', for anyl, \I\ < k. 

In particular, if f is strongly regular tame, then 

\V[G(z, w)\ + |V/(z)|2W|G(z, w)| < Cke-'"'^"''\ for anyl, |/| < k. 

The diagonal ^ c M x M is the singular set of G(z, w). The asymptotic property of 
G(z, w) as d(z, w) — > is given by the following result 

Proposition 3.48. As z^ w, there holds 

ic„d(z,wp^"-^\ n>2 
G(z,w)^\ (181) 

\clog(d(z,w)), n - I. 

Proof. By the work of Malgrange OMal and Li-Tam OLTI , there exists a bounded symmetric 
Green's function E^)(x,y) on any complete Riemannian manifold, i.e., Eo(x,y) satisfies: 

• EQix,y) ^Eo(y,xy, 

• (Ao)xEoix,y) = 6(x - y), (Ao)yEo(y, x) = 6(y - x). 

• Eo(x, y) is bounded in any domain in M x M which has positive distance to the 
diagonal &. 

Here Aq = ~~T'Sc'^ Vss'^'Sr^ ^^ ^^^ scalar Laplacian operator 

Since our operators are all real, we will use real coordinate in the following proof and 
denote the points z, w by x,y. Notice that the real dimension of M is 2n. 

Now the twisted Laplacian of A:-form has the expression: 

Af^Ag + Lf + |V/|2 ^Ao + (R + Lf + IV/p). 

Define 

Goix, y) = 2^ Eo(x, y)dz' A dz\ 

/,y,|/|+|/|=«: 

Then the action of the scalar Laplacian is 

A()Go(x,y) ^6{x-y), 

where 6(x - y) is viewed as a vector. 

Define F - (R + Lj + |V/|^). Then the Green function G(x,y) of A/ satisfies 

iAo + F)G(x,y) = 6(x-y). 

Assume that G(x,y) = Goix,y) + R[)(x,y), then we get the equation of Ri)(x,y): 

AfRoix,y) ^ -F o Goix,y). (182) 

Since the injective radius has positive lower bound po, we can take normal coordinates 
system around y. Locally we can take the Taylor expansion of F: 

F(x,y) = 2] -^(^-yy + F2„-i(x,y). 
j=i ■'' 
We also write Ro{x, y) as a linear combination of 2n - 1 unknown vector- valued functions: 

2n-2 

Ro(x,y) = Yj Rj(x,y) + R2n-i(x,y). 
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Consider the 2n — 2 Dirichelet boundary value problems: 

(183) 



\AfRj{x,y) = -^{x-yyGo{x,y) 



[Rj{x,y)^Q, on dBp^iy). 

The key point here is that (x - yyCoix, y) is at least L'^*^ integrable for some e > 0. In fact, 
we have 

(x-yyGQ(x,y)eL'i, 

where 

1 < fl < ^ ^" . , n > 1 

l<^<oo, n = l. 

By L^ estimate, we know that Rj(x,y) e W^''',j = 1, ■ ■ ■ ,2n - 2, whose singularity is 
weaker than Go(x,y). The rest equation is 

AfR2„-i(x,y) = F2„-iGo(x,y), (184) 

where the right hand side is a continuous function. So R(2n - 1) is at least C' difFerentiable. 
Hence we obtain the decomposition of G(x, y): 

G(x,y) = GQ(x,y) + Ri(x,y) + ■ ■ ■ + R2n-2(x,y) + R2n-i(x,y), (185) 

where the highest singularity comes from G()(x,y). So we proved our conclusion. n 

3.5. Stability. Let A, be a strong deformation of Aq for t e S . In this part, we want to 
construct the differentiability of the Projection operator P/(A,) and the Green operator G,. 

Definition 3.49. Let ^i be a family of linear operators acting on L^(A*(M)). If for any 
section il/,{z) '■- i//it,z) and any space derivatives d',\I\ = 0, 1, ■ ■ ■ , the section d'il/,(z) is 
C^ differential with respect to the variables (f , z), then the section i//i{z) is said to be C^ 
difFerentiable. If i//t is C^ difFerentiable section with compact support in z direction for 
each f and the section ^t^/^t is C^ differentiable with respect to f , z, then ^t is called C^ 
difFerentiable. 

Since S is assumed to be a compact neighborhood around f = 0, we can choose Aq 
belongingto the regular point set of any A, such that/? i„(A,) = (/Iq-A,)"' exists. Therefore, 
the differentiability of A, is equivalent to the differentiability of (Aq - A,). We have the 
estimate: 

\\RA„(\)<fi\\LHM) < CMy^M), V^ e l\ (186) 

We need the following computation: 

Lemma 3.50. Let ft — f + Yji Ugt- Then we have 

dA = L(Vdgd o +v/ ■ v^ + iiWgii^ 
^ djdA, = 6ij\vgi\^ 

' djdiA, = 



(187) 



5iA, = WVdgd + Vgi ■ V/ + ti\Vg, 



|2 



These are all order multiplication operators. Since fi is a strong deformation, we have 
pointwise estimate: 

\d,A,\, Id-jdAl \&-iA,\ < CiWff + 1), (188) 

where C depends only on M, g, f, gj. 

Theorem 3.51. Suppose that At is a strong deformation of Aq in S. Then the resolvent 
Ra„{A,) is C" differentiable in S. 
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Proof. Let {Aq - A,)t//t = (fit, where if, is C difFerentiable in (t,z) and for each t (p is a 
compactly supported section. We want to prove that t//, is C differentiable in (f, z). We 
prove by induction in r and firstly prove the continuity of t//,. 

Let Q' cc Q c M be a compact domain. Then by the apriori estimate of the elliptic 
operators, we have 

m\w-^-Hn') < CilUo - A,)ilf\\w"-Hn) + ll'AllL2(n))> (189) 

where C only depends on (M, g, /), m and the distance between d£l and dn'. 
Since Aq - A, is an isomorphism, we have 

ll<AllL^(n) < IWIlhm) < C\\{Ao - AtMLHM)- (190) 

Therefore, we have estimate 

ll;^llw'-^-^(n') < C{\\{Ao - A,)nw'..nn> + \Uo - A,)«AIIl^(m))- (191) 

By ( 1191b . we have 

11^/ - tAjllw^+^^cno ^ c{\\iAo - A,){ip, - >fj s)\\w'--{n) + WiM - ^t)(^i - >1jMlhm)) 
<C (||(^, - ipsWw'-Hci) + ll(A, - Aj)i/r,||^,„.2(n) + \\if, - ipsWiHu) + Wi^t - A.)(A.||l2(m)-) (192) 
Let t ^1 s. The first term vanishes, since for any /, |/| < m, 

ivv - vV.l ^ 0, 

because of the C° continuity of ip, with respect to t. The second term vanishes because the 
coefficients of the operator A, depends on t continuously (even smoothly). The third term 
vanish because of the dominant convergence theorem. Now the last term 

||(A, - A,)^,\\i2(M) < C\t - 5||(|V/|2 + l)iA,||z,2(M) < C\t - i|||<^,||^U(^^ _^ 0, as f ^ ^. 

Here we used the estimate ( 1188b . the global estimate from Lemma [3.28 1 and the fact that if 
has compact support. 

Now by sobolev embedding theorem on Q.', if m satisfies m > r - 2 + |, then for any 
/, |/| < r there is 

|VV,(z)-VV.(z)l = o(l). 
Therefore we proved the C" continuity of R,ig(A,). 

Now consider the C' continuity. Take a mollifierp£(f) such that its support lies in a very 
small neighborhood of f = and it tends to 6 function as e — > 0. For any section t//,{z), 
we obtain a smooth function i/'f (z) with respect to t. ifr'^ is called the mollification of i^ in f 
direction. Then we have the equation: 

(Ao - A,W, = ifl 

Take the derivative d,^, we have 

(^0 - A,)5,iAr = diif', + {diA,W,. (193) 

By ( |191b . there is 

l|5;iA?llw"-2.2(n') <C{\\diif', + (5;A,)i/r^||i^„»,2(n) + Wdiif', + (<9,-A,)i/r^||£2(^ 

< C(||5;,^,||jv"..2(n) + UtWw'Hii) + \\dm\\L\M) + ll(5/A,)i/rf||^2(^)) . 

The last term is controlled by the inequality: 

\\{dAm\LHM) < C||(|V/|2 + 1)«A||Z.2(^) < CM^Ulf^y 
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By Sobolev embedding theorem and the property of moHification, we known that diif/t 
exists. 

To prove its continuity, we want to get a uniform control of the term | V'(5,i/',)- V'(5,i^i)| 
in Q'. 

This term is still controlled by the Sobolev norm on Q.. by ( 11921 ) we have 

Wdiijj, - 5/iAJIw'"+=J(n') < \\dm + (diA,)i//, - diips - (diA,)il/s\\w'»Ha) 

+ ||(A, - A,)[diips + (5/A,)i/rJ||^,„.2(n) + \\dnp, + {dA)^, - dups - {dihs)^s\\L\M) 

+ ||(A, - ^,)^i4ls\\LHM) 

Let t — > s, then the first and the second term vanish obviously, because of the continuity 
of di(ft, ifft and the coefficients of A,. Since 

WidAWlLHM) < C||(|V/|2 + l)lArllL.(M) < C||^,||^.,2(^, 

we can use the dominant convergence theorem to deduce that the third term tends to zero 
as t ^ s. 

For the last term we have 



||(A, - A,)dnf,,h2fM) < C\t - swmff + i)5,-^,|| < c\t - sWldicpAlwy^M) 



0, 



as f — > 5. So up to now, we have proved the C' smoothness. 

After proving the C' smoothness, we can consider the equation satisfied by the higher 
order derivatives. By the same way but tedious computation, we can prove any C smooth- 
ness of /?,)„ (A,). D 

Theorem 3.52. Let I = [a, b] <z M. and a,b is not the spectrum point of At^. Then there 
exists a 6 > such that for any t, \t — ?ol < S, the projection E,(I) with respect to I is 
well-defined and C°° difi^erentiable. 

Proof. Let E be a simple closed curve in C containing / and intersects the real axis only at 
a, b points. Then 

E,,(I) = SRA(A„)d^. 

Since the spectrum of A, is continuous, there is a (5 > such that for any t,\t - tol < 6, 
the interval / has no intersection points with the spectrum of A,. Hence for any /I e E, the 
resolvent Ra(A,) is well-defined and is C°° differentiable with respect to t. Therefore the 
projection £/(/) is C°° differentiable. n 

Theorem 3.53. Let Gt be the Green function of A, with parameter t e S. If(M,g,f) is a 
strong deformation of(M,g,f) on S, then Gt is a C°° differentiable operator 

Proof. Since S is compact, there exists a point /Iq e R such that Aq is less than the first 
nonzero eigenvalues of all of A,, f e S . Let S be a simple half closed curve in C containing 
[Aq, +oa) and intersects the real axis only at Aq. Then 



G, ^ f jRA(A,)dA. 



Note that the integration is absolutely uniform convergent, so the differentiability of /?^(A,) 
for t e S implies the C°° differentiability of G,. n 
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4. tt* GEOMETRY 

4.1. Hilbert bundle and Hodge bundle. 

Let /r.fCz) '■- friz) '■- Tf(t, z) be a family of holomorphic functions defined on C* x 5 x 
M, where S c C"' is a domain and having coordinates t - (fi, ■ ■ ■ , t,„) and C* s C - {0). 
Then we have a family of operators Af^,df^,df^,d[ ,d ,■ which depend on the parameter 
(r, f) e C* X 5 . So the space of harmonic forms ^* also depends on the parameter (t, t). 

We still assume that (M, g) is a Kdhler manifold with bounded geometry. 

We have the trivial complex Hilbert bundle AJ, :- L?A* xC* x S ->Cx5 which is 
a graded bundle. The Hermitian metric on the Hilbert bundle A" is the usual one on the 
fiber: 



Jm 
which is independent of (t, t). 

Fix (to, to) e S and let (t, f) be a point in a small neighborhood Uq of (tq, to). For any 
(t, t) e Uo, we can choose uniformly bounded eigenforms {agir, 0)^i of Ay; such that they 
form a complete basis of L^A*(M) and the corresponding eigenvalues have the order: 

= Ao<Ai <■■■ . 

Set 

which satisfies g^j, - 'gbE. We have the metric tensor 

where {a"} is the dual basis in the dual Hilbert bundle and {g''"} is the inverse operator 
defined by the dual metric on the dual Hilbert bundle. 
If a = Zafaaa,/3 = Zh hb/3b, then 



g(a,(5) = ^fagahhb = (gabhba'')(a). 

at 



Hence g can be viewed as a bounded operator mapping the section of the Hilbert bundle to 
its dual bundle. 

There are some unbounded C-linear operator acting on the Hilbert bundle. The first is 
the differentiation. Since S/ffa := jgOait) is an exponential decay function by Theorem 
13.441 we can define the tensors F, and F] as follows (infinite dimensional case) 

(^i)ab = g{diaa,ab) = gchC^ifa 
(r?)fli = g{d'iaa,at) = gcbC^d'r 

and the covariant derivative is defined as 

A := 5/ - T/, D. := 5; - Fj 
Now let {a' J be another basis on the same fiber, and 

S :- Sa'b 
is the transformation bounded operator, it is easy to see that 
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Hence Di,D-i is really a covariant derivative. Define the connection 

D = Yj^dfDi + dfDi). (194) 

D is a Hermitian connection with respect to the bundle metric g, since it is easy to prove 
that 

Digab = D-igah = 0. 
There is another operator rdr acting on the Hilbert bundle. We define 

(^T)ab = g(Tdra„, Qfi). (195) 

Similarly, we have f5f . 

There is a special element given by the isomorphism of Theorem |2 .661 which we assume 
to be 

ai = l+dfRu (196) 

which /?i is a smooth n - 1 form has at most polynomial growth. Partial Christoffel symbols 
involving ci will vanish which is given by the following proposition; 

Proposition 4.1. We have 

(r,)is = (F,)^ = (r,)i|, = (F,)^ = 0, V/, b. (197) 

Proof. We have 

(F,)i5 = gidiauat) = g{df{diR,),ab) = Q,^b, 
and 

(F,)t = (Fdlag'' = 0. 
The others can be obtained similarly. n 

Remark 4.2. If there is a projection operator defined on the Hilbert bundle AJ, with is 
compatible with all A^,,, then the Hilbert bundle can be split into two parts and the con- 
nection D can be restricted to the connection on each subbundles. In particular, D can be 
restricted to the holomorphic subbundle, the real bundle and the Hodge bundle which we 
will defined subsequently. 

4. 1. 1. Real structure and Maslov index. The canonical real structure in L^A* is given by 
the complex conjugate, which we denote by tr. Let {d'ol^i ^^ ^ basis of L^K* and then 
Cfl := fffl = tr ■ fffl is also a basis of l}h* . tr ■ Oa can be represented by the linear 
combination of [aaY 

TR-a,^ Mlah = Mfffj, (198) 

Similarly, 

Obviously we have 



TR-a-a^ M''„ai = M^ffi. 



a ■ 
h 



Ml = Ml = 61, M* = M\ 



The anti-linear map tr can be written as tr - M'^ag ® a . It is easy to prove that 

r]cb^8iac,TR-ai,)^g,sMl (199) 

If Oc and ab are two forms, then we have 

^cb = TJbc- (200) 

If {aa(t)} is a real basis, then M = I. This shows that 

DM = 0, 
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i.e., the matrix M is a parallel tensor 

Assume that there is a spectrum gap for Laplacians A/^ on 5 , i.e, there is an open interval 
(ju, v) such that its intersection with any spectrum of Ay; is empty. In this case, the bundle 
Ac is split into the direct sum of two bundles. We denote the bundle with finite rank j^f by 

Ac- 

Fix the parameter t and take a real orthonormal basis {Q'a(fo))af^i of the fiber space 

Ap(fo) at the point Iq e S . Denote by Ar the real space generated by this basis. Using 

the parallel transportation defined by D and a path /„„ connecting t and to, one can obtain 

the unitary operator P/„ : Ac(fo) — » Ac(0- Pi„ (Ar) defines a totally real Hilbert space in 

Let ROu^) be the set of totally real subspaces. Then it is a homogeneous space 

R(ju^) = GL(ju^,C)/GL(ju^,R). 

Define 

ROu^) = {A e GL(//^, C)\AA = /). 
Then we have the following lemma. 
Lemma 4.3 (IFOOQl). The map 

L : R(/i^) -^ R(n''y, A ■ R ^ A'^A 

is a diffeomorphism with respect to the obvious smooth structure on R(yU^) andM.{^^). 

Definition 4.4 (Generalized Maslov index). Let / : 5 ' — > ROu^) be a loop such that at 
point f, there is 

Then the generaUzed Maslov index m{l) is defined to be the winding number of 

det oL o / : 5 ' ^ C \ {0). 

If we write the real structure matrix M in terms of the parallel orthonormal frame 
{a^COl^lpthen 

/«(/) = degodetM. (201) 

The generalized Maslov index defined here satisfies the properties that an usual Maslov 
index should satisfy. 

Let ^ c Ac be the Hodge bundle over C* x 5 , and each fiber at (t, f) e C* x 5 is the 
space of all harmonic n forms of the Laplacian Ay;. 

Suppose that the primitive forms {a\{T, t),- ■ ■ , Of^ir, t)} give a local frame of Jif near a 
point (ro, fo) & C*xS which is the restriction of a frame in Ac. Then we have the identities: 

df^aaiT, t) = d^jUaiT, f) = 0, fl = 1 , ■ ■ ■ ,A/. (202) 

Since Aaa(T, t) - 0, by Hodge identity \[df. A] = 51 we know that Adfa„(T, t) - 0. Since 
there is no primitive n + 1 form, this shows that 

dfaa{T,t)^Q. (203) 

Similarly, we can prove that 5l UaiT, t) - 0. 

In summary, we have the important properties of the frame of primitive harmonic n- 
forms in ,yf. 

Proposition 4.5. Suppose that {ai(T, t),- ■ ■ , a^(r, t)] is a local frame of JP consisting of 
the primitive harmonic n-forms, then we have the identities 

dfa„(T, t) = 5| a'„(T, = df^a„(T, t) = 5| ^^(t, f) = 0, a = 1, ■ ■ ■ ,jU. (204) 
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4.2. Cecotti-Vafa's equation and "Fantastic" equation. 

4.2. 1 . Cecotti-Vafa 's equations. 

Now we fix the parameter t in the following discussion and denote by (9,/ = difj the 
derivative of fj with respect to f,-. Later we always use /, j, k,- ■ ■ to represent the terms 
with respect to the parameter f', t^ , f* and etc. In the following part, we will simply write 
fr^t = Tft as / if there is no danger of confusion. It is easy to obtain the following lemma: 

Lemma 4.6. 



[^7, 5/] - 0, [5j, 5}] = difa{dz"hy = difag^'ilk. 

Lemma 4.7. By our stability analysis, the Projection operator Pq and the Green operator 
G — Gf are smooth with respect to di, dj. We have the commutation relations: 



(205) 



I [di, Af] = [d(dif)A, 5}], [dj, Af] = [d(dif)A, 5}] 

\[di, G] = -G(d,Po + [di, Af] ■ G), [di, G] = -GO-iPq + [di, Af] ■ G). 

When restricted to the space of primitive harmonic forms, we have 

[5;, Po]^G-Af di, [d-i, Pq] ^G-Afd-i (206) 

and 

diG^-G(di + [di,Af]-G). (207) 

Proof. It suffices to prove the identities related to the derivative d,. 
We have 



[di,Af]^[di,[~df,~d}]] 



--[[di,~df],~d\] + m,d%df] = [5(5,/) A, 5!.]. 



This proves the first identity. 
Differentiating the formula: 

P() + AfG = /, 
we have 

diPo + [di,Af]-G + AfdiG = Q, 
which gives 

diG = [di,G] = -G ■ (diPo + [di,Af]G). 

Let aa be a primitive harmonic form. Take the derivative to the identity PoOa - Ua, we 
have 

[di,Po]aa = (/ - Po)diaa = A/G(5,aJ. 
So we are done. n 

Definition 4.8. Define tensors B,, B, :- Bj with the components: 

{Bdah = gmf)aa, ah), {BXh = g{m)aa, at), (208) 

and the matrix- valued 1 -forms: 

B^Y^ Bidf, B = Y^ B-idt\ (209) 

i=\ 1=1 
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Remark 4.9. It is easy to see that the matrix B, is the complex conjugate transpose of B,-, 
i.e., in local coordinates, (B,)m = (Bdah- So in some references, people write B = B^, 
i.e., (■)' = (■) , the complex transpose of matrix. Here the reader should be careful that 
if t used for matrix it has different meaning to t used for differential operators. Also the 
short line over the head of B does not mean the complex conjugate of the matrix B, instead 
we take B as an independent matrix from B. If we want to consider the relations with the 
matrix B, one should use B^ - B. 

We have the formula: 

Lemma 4.10. For any i — 1, ■, m, a — 1, ■ ■ ■ ,yU, we have 



(dif) aa = (Bitah + dfiyda 
(dif)aa = (Bitab + df(jDa, 



(210) 



where 



(211) 



{{Jda = 5j ■ G ■ [{dif)aa\ 
\{yDa = 5} ■ G ■ mf)aa\ 

Here G is the Green function. 

Proof. Using Hodge decomposition formula, we have 

{dif)aa = Po[(5,/)aJ + AfG- (5,/) ■ a, 
= {BdW + ~dfd)G{dif)aa. 

Set 

ijda = ~d]G{dif)aa, 
then we get the first identity. The second one can be proved in the same way. □ 

Lemma 4.11. For any i — 1, -,;«, a — 1, ■ ■ ■ ,;U, we have 

Proof aa{t) satisfies the equation: 

Af,aa{t) = 0. 
Taking derivative 5, to the above equality, we have 

A/,(5,«j + [d{dif) A ~d\ + ~d\ ■ d{dif)]aa = o. 

Hence 

AfidiUa) = -d^j_.(df(difaa)) = dfd^^(dif)aa, 
where we used the fact that d/Ua = 0. Therefore, 

DjCfl = diOa - ViUa = dfGd'^{dif)aa. 
The other identity can be proved similarly. n 

Some special data can be easily obtained in the following proposition. 
Proposition 4.12. We have 

{B,t = Tdl (B,t = t5' (213) 

(n). = (ri)«=0,Vfl = l,---,yLi (214) 

Diff^^Dja, =0, Vfl = l,---,;u (215) 
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Remark 4.13. We have defined the operator B, which acts on aa as B, ■ aa - {Bi)'^ab- On 
the other hand, (Bi)(,j = g{Bi ■ Ua, at) - (BiYagch- Hence, we have used the convention that 
the action of the operator B, is a matrix multipHcation by the matrix (B,)^, where a is the 
row index and b is the column index. In this convention, if B,, Bj are operators, then 

[B„Bj] ■ a„ = B,((Bj)*ffi) - B/(B,)>,) = (Bj)*(B,)^ff, - (Bdt(Bj)la, 
^(B-j ■ Bi - Bi ■ B-j)la, = [Bj, B,]ff, = -[B;, Bj]a„. 

The front [B,, Bj]- is understood as operator action and the rear Lie algebra -[B,, Bj] is 
understood as the matrix multiplication. We will use the later expression in our formulas. 

Theorem 4.14. The connection D and the operators Bi satisfy the following Cecotti-Vafa 's 
equations on J^, i.e, after mod M'^, 

D-Bj = DiBj = 0, DjBj = DjBi, DjBj = D-jB] 
[Di,Dj] = [Dj,Dj] = [Bi,Bj] = [Bj,Bj] = 
[Di,Dj]^-[Bi,Bj]. 

Proof. Take the covariant derivatives to Bf. 

DiiBjU = di(BjU - (riYaiBjU - (rdl(Bj)ac 
Since 

di(Bj)ab =g(didjfaa, «/,) + gidjfdiUa, at) + gidjfua, diUt) 
= gididjfaa, at) + (TiYaiBjtgs + i^itiBjtgdc 
+ g(djfdf{ji)a, at) + gidjfua, dfiifdt)) 
=g{didjfaa,at) + {Tdl{Bj)ig,t + {TdliBjtgrc 

+ g(djfdf{ji)a, at) + gidjf ■ df ■ d^^G(dif)aa, at) + gidjfua, 5/ ■ 5]. ■ G(dif)at) 
=g(didjfaa,at) + ird:{Bj)igs + (ri)l(Bj)tgdc 



- g(G(d(dJ) A ff,), d(djf) A at) - g(Gd(djf) A aa, 5(5,/) A at) 

We know that 

Di{Bj)ah = gididjfaa, at) 



-g(G(d(dif) A aa), d(djf) A at) - g(Gd(djf) A aa, d(dif) A at) 

By symmetry we have 

DiBj = DjBi. 

Take the complex conjugate transpose, we have DiBj - DjBi or DjBj - DjBj. 
We have 

g((dif)(djf)aa, at) = g((5,/)((B;)>, + ~df(yj)a), at) 

^(Bj)'a(Bi),t+g(dfdif(yj)a,at) 

- (Bj)l(Bi),t, 

which induces that 

BiBj = BjBi. 
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We have the identity: 

D-{Bj),j, = diBj),j, - (rj)^(B,),j - {T-dliBjXs. 
Compute the first term: 

HBj)ab =&-i8iidjf)a„,ai,) 

^g((djf)d]aa, at) + giidjf)aa, diUb) 



={miBjVb + {ri)l{Bj)ac. 
Hence we proved that 

D-i(Bj) = 0. 
Take the complex conjugate transpose, we obtain 

DiBj = 0. 
By Lemma |4.11| we have the following computation: 
DiiDja,) ^diidf(7j)a) - (rda(df(yj)b) 
^~df(Di(yj)a) + d(dif) A (yj), 
^'dfiDiiyj),) + d{{dif){yj),) - (Af)d(yj), 



=5/(D,(r,).) + dmf)(yj)a) - idif)[idjf)aa - (Bjtah - df A (r;)„] 
=df(D:(yj)„) + dfmf)(yj)a) + (dif)(Bjtah - (dj)djfa,. 
Similarly, we have 



Dj(Diaa) = df{Dj{yda) + df((djf)(yi)a) - (djf)(dif)a, + (djf)(BdW 
Hence we have 



[Di,Dj]aa ^~df{Di{yj)a) - 5/(D,(r/)J + 5/((5,/)(r,),) - ~df{{djf){yi)a) + {dif){Bjtab - {djf){Bitab 



--df{Di{yj)a - idjfXyda] - 5/[D/r,), - (5,/)(r,)J + mf){Bjt - {djf)iBit]ab 



^~df[Di{yj)a - (djfXyda + (Bjtiydb] - df[Dj(yda - (dif)(yj)a + (BitifM 
+[(Bi)l(Bjt - (Bj)l(Bit]a, 



Acting by the projection Pq, we obtain 

[Di,Dj]aa^-[Bi,Bj]a,. 

The other identities [D,, Dj] = and etc. can be easily seen to be true when in view of the 
above proof. n 

Definition 4.15. Let t = (ti,- ■ ■ , t„,) be the local holomorphic coordinates of the deforma- 
tion parameter space S . Define the sections D, D, B, B e 0'(5') ® r(End(J^)) as: 



D = ^ dt'Di, D^Yj dt'D-i 

;=1 1=1 

m m 

B^Yjdt'Bi, B^Y^dfBi. 



(=1 /=i 

Using the above definitions, the tt* equation can be written in the following forms. 



[t5^,5].] =0,[f5f,5p =0 (218) 

[t5,, ~d\] = (5/A)'-, [Tdr, d\] = (5/a)+. (219) 
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Corollary 4.16. 

(1) [D, B] = DB = 0, [D, B]^DB^ [D, B] = DB ^ 

(2) D^ = i[D,D] = 0, (5)2 = i[D,D] = 

(3) B A B = 0, B AB^Q 
(4)[D,D]^-[B,B]. 

4.2.2. "Fantastic" equations. 

Now we allow the change of the parameter t and consider the action of the operator 
t5t. We will continue to use the simple notation f - fr- 

Lemma 4.17. We have the commutation relations: 

[Tdr,df]^0,[fdf,~df]^0 (216) 

[Tdr, ~df] = 5/A, [fdf, df] = 5/A (217) 

9].]=0,[f5,,4] 

9}]=(5/A)'-,[r6,,.^, 

Proof. A straightforward computation. □ 

Lemma 4.18. The commutation relations hold: 

[t5„ A^] = [5/A, a}] = V\df) A ifl, + |5/|2 (220) 

[f5,, A^] = [5/a, 5}] = V''(5/) A ifl^ + \dft (221) 

Proof. The result is due to the equality we proved before: 

[5/A, 5"'"] = g^'^V^(5,/)fl'z' A ifl,. (222) 

D 

By Lemma |4.18l we have 

^f{T^raa) = -[5/A, 5}]a„ = -5}(5/ A a„) = 5/5}(/a„). (223) 

By Hodge decomposition formula, there exists a matrix Yj - r*^^ such that 

{Tdraa) = r*„a, + G ■ df~d]{fa„) = r*„a, + dfd]G ■ ifaa). (224) 

Similarly, there exists a matrix f ^ = Tj such that 

(fdfaa) = Yiflh + 5/5}G ■ (/aj. (225) 

Definition 4.19. Define two operators: 

Dr^dr- -Tr, Df = Of - -Tf. 

T T 

So we have the formula by the above discussions: 
Lemma 4.20. 

TDrOa = df(yr)a (226) 

tD,a, = 5/(r7)«, (227) 
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where 

(7r)a = d}G ■ (faa) (228) 

(r7)a = d}G ■ (faa). (229) 

Since we have already defined the covariant derivatives D,, Dj along the deformation 
direction in addition to r-direction, now we get the covariant derivatives D along any di- 
rection and the total differentials are defined as: 

D = ^ dfDi + dTDr, D = Y^ dt'D-i + dfDf. (230) 

Lemma 4.21. The operator D is a metric connection with respect to g. 
Proof. We have the covariant derivative computation: 

Drgah 

d Ta TO 

rgab gch - ^gac 

T T 

r r r r- 

=g{Draa + — ■aa,ah)+ g{aa, DfUh + ^ ■ at)- g(— ■ aa, ah) - g(aa, -^ ■ ff/,) 

T T T T 

=0. 

Similarly, we can prove Dfgai, - 0. 

Hence including the result from the first tt* equations, we know that D is a metric 
connection with respect to g. □ 

Analogous to the relation between D, and B,, we have operators '^j, "^j corresponding 
to Dj, Dj-. which are defined as the fibration multiplication by / and /. 
Define 

^ral -^gif-aa, at), '^T = '^rahC^" ® «'' = %y ® «/, = ^raha" ® a'' . (23 1) 

^Tah - ^■. 

easy to see that 

'^^Tah = r](faa,ah) = rjiuajat) = %ha, (232) 

i.e., '^r = %*■ 

Similarly, we can define {'^T)ah - gifo^a, at) and the corresponding operator '^. 

Lemma 4.22. We have relations: 

faa = '^r ■ ffa + dfiyX (233) 

faa = ^r ■ a. + dfijX. (234) 

Proof. It is a straightforward computation: it suffices to prove the first identity, 

~df{jr)a = 5/ ■ 5} ■ G ■ ifaa) = AG(/ff,) = (/ - ^) ■ aa, 

where we used the fact that df(faa) = 0. n 

Lemma 4.23. The following identity holds: 

B = B\ % = %*. (235) 

Proof. Since 77 is a real symmetric bilinear form, and the multiplication operator 5,/ can 
be inserted equivalently in the two variable positions, so B = B* . Similarly, we have 

% = %*. u 



Here '^Tah - '^Tac^l^ where M is the matrix representation of the real structure tr. It is 
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Theorem 4.24. The operators Di,DT,B, '^j satisfy the following relations (We call it as 
"Fantastic" equations) on ,^, i.e., after mod ,!^^, 

(1) {Di,%\ + [B,-,tD,] = 0, [D;,<^,] + {B-,tD,\ = 

(2) [A, ^,] = 0, [A,'^,]=0 
(3)[tD,,B,] = [TD„B7]=0, 

(4) \_Bu ^,] = 0, [Bj, ^,] = 

(5) [tD„D-;\ = -['^.,-8;], [tD,, A] = -[%,Bi\ 
(6)[TA,A] = [tA,A]=0 

(7) [rZ)^, '^^1 = [tA, '^t] = 

(8)[TA,tA]=-['^r,^r] 

Proof (1) To prove the identities in the first row, it suffices to prove the first one. 

At first we have the computation 

TjiDiaaJah) 

=>l(fdfirda,ah) = -r]{f ■ d^^dfGidif)aa,at) 

= -i](G- (d(dif) A aa), df(fah)) = -r](G ■ (didif) A a,), df A at), 

and 

i]((dif)ah, rDjaa) 

=r]((dif)ah,dfiijT)a)) = r](dfd'jGfaa,(dif)ab) 
= -7](G(dfAaa),didif)Aab). 
Then we have 

{[Bi,TDr] + [Di,^r]}ah = -(tA)(B,-U + A'^rafo 
= - (Bi)ah - T]((dif)ah, (TAffa)) - }]((dif)aa, {TDjah)) 

+{B,)ab + T](Diaa,fab) + T](faa,Diab) 

=Tj(G(df A a,), did J) A ab) + i](G(df A ab), 5(5,/) A aj 

-7](G(d(dif) A aa), df A ah) - i](G(d(dif) A ab), df A aj 

=0. 

(2) To prove the second row, it suffices to prove that [£),, '^r] = 0. 

We have 

DiCuTab) - di'^Tab ~ (^iYa'^Tcb ~ (^iYb'^Tac- 

= i](fdiaa,ab) + i](fai,diab) - (TiY^^ch - i^iYb^ac = 0. 
Here we used the fact that 
T](f ■ dtaa, ah) = ?7(/(r,)>c, at) + riifdfiyda, ah) = (TiY^'^rcb + 0. 

(3) To prove the second row, it suffices to prove that [Dj, B,] = 0. 

We have 

tDABj,,) = TdABj^b) - i^rYaBj^b " i^rYbBi,,. 

= Jlidifrdjaa, ab) + ri(difaa,rdjah) - (r^)aB/efc - i^rYbBiac = 0. 
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Here we used the fact that 
ri(difTdTaa,ah) = 77(5,/(r^)>o a*) + ri{difdfd''p ■ df(faa),at) = (r^)JiB,ci + 0. 
(4) Since % - %* and B - B*, it suffices to prove that 

mr = iB%)*- (236) 

Now we have 

T]{{Bi ■ %)aa, ab) = r^{Bi ■ {fa,, - df{(yr)a)), at) 
=T]{Bi ■ UaJah) = riidifua - df((yi)a),fab) 



=ri((dif)faa. Oh) - J]((dif)fab, Oa) - rjifla, {Bt ■ %)ah). 

So we get the proof of the fourth row. 
(5) Prove the 5th row. For simpUcity we can take Oa be the real basis. We have 

r]{[TDr,D-;\aa,ah) 
^T](TDrD-iaa, Q-fc) - rjiD-TDjaa, at) 
= - r]{Djaa, TD^ab) + r]{TD-,aa, Djab) 

= - 10 fir da, df{jT)b) + ri{df{jr)a, df(ji)b) 
= - gidfiyda, df{fr)b) + gidfijT)a, df{ji)b) 



g{dfd'p{dif)aa, d\dfG{Jab)) + g{d\dfG{faa), 5/5}G(5,/)afe) 



■ g{{I - Po)(dif)a„, (I - Po)(M)) + 8((I - PoXfaa), (I - Po){dif)ah) 



■ 77C(5,/)a„, (/ - Po)(/«ft)) + riiifaa), (I - Po)(dif)ab) 



=ri{idif)aa, Pofab) - rjifoa, Poidif)ab) 
^TjiBjaa, ^rOtb) - l(%aa, B-ab) 

^7]([%*-B--B*.-%]-a„ab) 

=r]i['^r,B-i]-aa,ab) 

^T](-[^„Bi]a„,ab). 

We have used the facts that '^^* - '^j, B* - Bj for the last second equality. By Re- 
mark |4.13] the action of the operator {'Wt, Bi]- is given by the matrix multiplication 

(6) To prove the 6th row, we have 

ri{[TDr,Dj]aa,ab) 
^TjiTDjDiaa, ab) - rjiDtTDjaa, at) 
= - T](Diaa, TDjOh) + rjirDjaa, Djab) 
= - lidfiyda, df{yj)h) + r](df(yr)a, d/iydb) 
= - gidfiyda, df(yr)h) + g(df(jj)a, dfiydh) 
= - g(d]dfd}G(dif)aa, (yr)b) + g{d\dfd)G{faa), (r,)i) = 0. 
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(7) Prove the 7th row. We have 

([rDr, "^T^jah = TjifTDjaa, at) + rjifaa, TDjUt) 
=n(fdf(7T)a, ah) + J](faa, df(jr)a) 

=0. 

(8) Take »« to be real basis, we have 

l]([TDr,fDf]aa,at) 
=g([TDr,fDf]aa,ah) 

= - gifOfOa, tDfat) + g{TDjaa,TDrat) 
= - g{df{yr)a, df(fT)h) + g{df{yr)a, ^/CTt)*) 

- - g{dydfd)G{faa), {yr)t) + g{d)dfd]G{faa), {yr)t) 

= - gidYha), {JT)h) + gid^faa), (jM 

= - gifaa, (I - Po)(fah)) + gifaa, (I - Po)(M)) 

= - rjifaa, (I - Po)(M)) + Tlif^a, (I - Po)(fah)) 

^riifua, Poifah)) - rjifaa, Poifab)) 

^ri{-m,'^r]aa,ab) 



4.2.3. Connection & on the Hodge bundle M'. 

Define the covariant derivatives V, - Di - B,, V, = Dj - Bj and the corresponding 
connections: 

V, : .^ -^ ^e®K\TS\ V,-: ^ -^ ^(g) A'(r*5") 
by 

V, = V di A V;, V( = Vf = V di A V;. 

V,, Vf are the (1,0) and (0, 1) parts of the following connection for fixed t: 

^, =V, +Vf:^^^(8)r*5. (237) 

Now the Cecotti-Vafa's equations is equivalent to the following identities, after mod Jf ■"", 

v2=v2 = [V„Vf]=0. (238) 

Define the covariant derivatives along the r-direction: 

V, = D, - ^, V, = D, - ^, (239) 

T T 

and 

V^ = £/t A V^, ^-^^di: N Vf. (240) 

Here we use the same notation to denote the differential and its derivatives along the t 
direction. We also define the 1 -forms 

'^ = '=^rdT, '^ = €rdf. (241) 

The connection ^^ is defined as 

%^Vr+ Vt. (242) 
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The total connection Q) is defined on the bundle Jf — > C* x 5 and given by 

V:= V, + V^, V:= V,- + Vt, ^ = V + V. (243) 

Theorem 4.25. Qi is a nearly flat connection of the Hodge bundle J^ — > C* x S,i.e., 
2i'^ - 0, mod y^-^ or equivalently 

V^ = V^ = [V, V] = 0, mod J^^. (244) 

Proof. When expanding the components of i^, ^^ = is the conclusion of the identi- 
ties appeared in the Cecotti-Vafa's equations and the Fantastic equations. We can prove 
[V, V] = as an example. We have 

■^ - '9/ 

[V, V] = [(D, + Dr) -(B+ —), (Dj + Df) -(B+ — )] 

T T 

= - [A + D„B + — ] + ^ [A + D„A- + D,] + [B + _,B + _] - [B + _,Df + D,]. 

T [ T T J T 

The first term vanishes, since we have [D,, E\ = by CV equation (1); \Dj, 'i/\ = by 
Fantastic equation (7); [D,,'^] = by Fantastic equation (2); [Dr,B] = by Fantastic 
equation (3). The third term vanishes due to the same reason. The second term is 

[A, A-] + [A, £>f] + [i'r, A-] + [£>r, £>f] + [B, B\ + [B, —] + [—, b] + [—,—]. 

T T T T 

By CV equation (4), [D,,Di] + [B, B] - 0; By Fantastic equation (5), we have 
[D„ Df\ + [B, — ] = \ [Di, Df] + [Bi, -^] \ df A Jf = 0, 



and 



[Z)^, Z)f] + [— , B] = j [D;, D^] + [B;, — ] }> A' A c/t = 0; 



By Fantastic equation (8), we have 

[D^, Df] + [—,—] = ^ \Dr, Dr\ + [— ^, ^^] }> c/t A c/f = 0. 

T T [ T T 

Therefore, we proved [V, V] = 0. n 

4.2.4. Asymptotic estimates. 

In this part, we will use the Witten-Helffer-Sjostrand method to estimate the growth 
order of the harmonic n forms a a and the operators B,, '^r with respect to t. 

Assume that fj(t) is a Morse function with yu non-degenerate critical points {/?,). Let 
aa(T, i) be a primitive harmonic n-form, then aa(j, t) also satisfies the equation: 

Uf^oc - 0, 

where Dy; - d2Ref^ °^2Ref '^ ^2Re f "'^ZRe/^, whcrc d2Ref^ - d + d(2Refj)A, is the Witten 
deformation operator. Let {Z)2e(/?a); Zi , ■ ■ ■ , z«) be a good coordinate disc having radius 2e, 
centered at pa such that it has flat metric and fr has the form 
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Choose a smooth function y^iz) satisfying: 

., fl kl<e 
|z| > 2e. 



^?(z) = C„T«/2e-2t,tol\ (245) 

II9'?IIl2(C") = 1- 

^?(^> = II J\ .^\T ' (246) 

\\7e(z)f^Az)\\LHC") 



Denote by 
where C„ is chosen such that 
Define 

then ^° G Q"(M) and satisfies 

imWmM) = 1. (247) 

As first, we have spectrum gap theorem essentially due to Witten (here we consider L^ 
integrable form). 

Theorem 4.26 (Witten). There exist constants Ci , C2, C3 and Tq depending only on (M, g, f) 
so that if\T\ > Tq, then 

5pec(n2Re(_/;)) n (Cig-^^W, Cskl) = 0. 

Hence as \t\ —^ 00, we have the decomposition 

iL\D."(M), d2Re(fJ = (L\a"(M)),„, af2Re(A)) e (LHn"(M))i„ o'zReCA)). (248) 

Note that the Morse function 2Re(/) is very special, since all the /i critical points have 
Morse indices n. 

As |t| -^ 00, the form a^ will concentrate near the critical points. Without loss of 
generality, we can assume that aa concentrates at p„ and satisfy 

WaaWiHM) = 1. (249) 

By Theorem 3.1, Proposition 3.3 of [HSJ, Theorem 8.30 of IBZI and our asymptotic esti- 
mate near the infinity far place, we can obtain the following asymptotic estimate: 

Theorem 4.27. There exists e > 0, Tq and C so that for \t\ > Tq and any critical point pa, 
there is 

sup |a,(T,z)|<Ce-^l^ (250) 

zeM\D2APa) 

and 

\a„(T,z) - ip'M < C^,e D2,(/?«) n W-(pa). (251) 

Here W^(pa) is the unstable manifold of the critical point pa with respect to the gradient 
flowoflReif). 

Applying the above theorem, it is easy to obtain the following conclusion. 

Corollary 4.28. Let {oa} be a local unit frame of the Hodge bundle J^ at the base point 
(t, f) G C* X S ,n- Then if\T\ is large enough, we have the asymptotic formula: 

% = T%°, 3§i = tB°, A"'" = tA'^'" (252) 

^r = T%, B-i = fB-°, A = fA° (253) 

where \%°\, \B°\, \%°\, |B-°|, |A"'"'°|, |A°| < C and C is a constant depending only on M, g, f, t 
but not on r. 
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4.3. Wall-crossing phenomenon and duality of Gauss-Manin connections. 

Note that the action of the connections on the Hodge bundle is not closed, and the 
Cecotti-Vafa and Fantastic equations only hold up to a term in the perpendicular subspace 
M"^. In this section, we want to construct the bundle ,^e^top such that the action of the 
connections is closed and the Cecotti-Vafa and Fantastic equations really hold on .ytfejop- 
This is done by considering the integration of the middle dimensional harmonic forms over 
the Lefschetz thimble. So at first we study the dual homology structure. 

At the moment, we assume that the deformation space 5 is a open domain with constant 
global Milnor number on M. 

Let S,n{T) c 5 be the set of t e S such that all the critical points of f^r/) are Morse 
critical points. Obviously 5,„(t) is independent of r. We can stratify the space 5„,(t) in 
the following way. Let S Aj) :- •S5),(r) c 5,„(t) be the set of all t in Smij) such that all 
the critical values have different imaginary parts. We call the point t in S At) as a regular 
point. Let 5* (r) c S,k < fi, be the set of all t in S„,{t) such that there exist at most k + I 
critical values of f^jt) have the same imaginary parts. 

We have the following result and the proof is similar to Theorem 3.L4 of IIFJR3I . 

Theorem 4.29. ( 1 ) S „,{t) is a path connected dense open set in S . 

(2) Smir) — S At) is a union of real hypersurfaces and separates the set S At) into a 
system of chambers. 

(3) S]„{t) C S ,n(T) is a path connected dense open set in S, and 5,^,(t) — 5^,(t) is a 
real codimension 2 real analytic set in S ,„(t). 

(4) There is a decomposition S - 5^(t) U (S - 5^(t)), where S - 5^(t) is a real 
codimension 2 real analytic set in S. 

Define the following subsets in C* x 5 : 

S„ = UreC'S„,(T), si = UreC'Si(T),k^ 0, 1, ■ ■ ■ ,p. 

CoroUary4.30. Theoremgj9\holdsforS„,Si,S rin C*xS instead of S„,{T),Si{T),S .-{t). 

Example 4.31. Let fjt - t/, - t(x^ + t\x + ^2), where /, is the miniversal deformation of 
f - x^ . Then f has two critical points xAt),X2{t) for any f, which is given by x^ - -j. 
The walls are given by the hypersurface: 

= im(/, 

which is equivalent to 

Let fj - rje'"', then the equation of the walls in (fi, ^2) space are given by 



= im(/,(ji:i(0) - fixiit))) = im((xi - X2){x\ + x\+xiX2 + fi)). 



im(V^fJ) = 0. 



e,^'^,k^ 0,1,2. 
3 

So if T = 1, we have 3 walls separating the t - {t\, t2) space and intersecting at 0. Note that 
the equations of the walls are independent of f2- 

For the total space C x 5 , we have the wall equation: 

imT(V^ff) = 0, 
which is the rotation of the walls at r = 1 along the t direction. 
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Example 4.32. Letp > 3 and /(x) = fixi, ■ ■ ■ ,x„) = x'^ + - ■ ■+x^. Then the residue classes 
of monomials {x = jCj' ■ ■ ■ x^" , < v, < p, - 2, / = 1 ■ ■ ■ «} form the basis of the Milnor ring 
C[x] lidxf) ■ The moduli space of marginal deformation and relative deformation forms our 
S , and the marginal deformation forms part of S -S „,{t) and is a subspace of codimension 
greater than 1. A typical example is f(xi,X2,xj,) - x^^ + x^ + x^, and S is given by the 
miniversal deformation /(f) - x^^ + x^+ x^ + t'iXiX2X-i, + ^7X1X2 + 1^x2X1, + fgX3Xi + ^4X1 + 
hX2 + t2X\ + t\ and the marginal deformation is only given by fg. 

Now we begin our first consideration: fixr. For simplicity, we use 5',„,5',^,5',. toreplace 
the notations 5,„(t), 5f„(T), 5,.(t) in Section l43m Section l432l 

4.3. 1 . Relative homology and Lefschetz thimble. 

Let {M,g) be a stein manifold and (t, f) e 5,„ c S ,\.t., f(jj) is a tame holomorphic 
Morse function. Since f(j^,) - t/,, so if /, e S„, then for any t e C*, f^jj) e 5,„. So /(,-,,) 
has finitely many critical points on M. We think (M, g) as a real Riemannian manifold and 
consider the negative gradient system generated by the dual vector field of 2Re{f(r^,)). Let 
a > Q and define the sets 

ff^'^,^ - k e M : \2Re{f^r,,iz)) > a], /,^J := [z e M\2Re{f^r,,){z)) < -a]. 

By Morse theory, we know that if there is no critical values of IReif^ji)) between [a,/3], 
then the set fr." is the deformation kernel of /,^^, by the flow generated by the vector field 

V«g(/(r.,|) 

|V«c(/„,,i)l ■ 

So if a is large enough, there is no critical points in frT" and each frTf has the same 
homotopy type. We denote the equivalence class by fr°°. Similarly, we can define f,^°^s 
for fr." if a is large enough. We have the relative homology group Ht(M,f,'^,Z) and 
H,{M,f^^'^yZ). We can perturb f^^r.t) a Httle bit such that (t, f) e S r- Then we have the 
relative homology group Ht(M,f,°°,Z). Since f^jj) is a holomorphic Morse function, its 
real part 7?e(/(^ ,)) is a real Morse function with Morse index n. We can define the unstable 
manifold at a critical point Za of /(r.o (or Re(f^jt)))'- 

■^^^ =: {z e M : z ■ i — » Zo, as s — > -00), 

where z ■ s represents the action of the flow at time s. Similarly, we can define the stable 
manifold at Zfli 

'^J^ -: {z e M : z ■ s ^ Zci,as s ^ +00). 

Definition 4.33. We call 'i^^ as the positive or negative Lefschetz thimble of f^jj) at the 
critical point z^. 

We have the following theorem, which should be known (but we can't find the appro- 
priate references for general M). 

Theorem 4.34. Suppose that f is a holomorphic Morse Junction defined on the complex 
manifold M which is fundamental tame, then only the middle dimensional relative homol- 
ogy Hn(M,f^°°,Z) is nontrivial and it is a free abelian group and is generated by the 
Lefschetz thimble {"la^ ,a — 1, ■ ■ ■ ,/i), where yU is the number of critical points of f or 
Milnor number 

Proof. We can construct the relative Morse complex {Ck, d) , where each group Ck - ®a'^Ka 
is a free abelian group and generated by the critical points Ka with index k. Now only the 
middle dimensional homology group is nontrivial. Hence we get the conclusion. □ 
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Remark 4.35. There is a natural map 

d : Hn{MJ-\Z) -. Hn-i{f-\-a),Z) 
given by taking the boundary of "^^ . In fact, we have 

is a real n - \ cycle in /"'(-a). However, in general we don't know if this map is surjec- 
tive or injective because of the topology of M. In the case that M - C", this map is an 
isomorphism and d'^^ are nontrivial cycles and are called the vanishing cycles related to 
the critical points Za- 

If the perturbation t is small and preserve the lameness, then the set /,- " is homotopic 
to f-^" for large a. Therefore we have the isomorphism even if / is not a Morse function: 

//.(M, /"°°, Z) s //.(M, f-'^, Z). (254) 

If (t, t) e Sm, we can define an intersection pairing: 

<■, ■) : H,{MJ-^^,Z) X H,(MJ^^,^,Z) ^ Z 

by choosing two special basis in the two relative homology groups. 

Let '^^^ and '^^^ be the unstable and stable (smooth) manifold of the critical point Ka, 
then C^o", fl - 1, ■ ■ ■ ,;u) and C^^^, b - 1, ■ ■ ■ ,/i) form the two basis and we define 

a i^ b. 



Similarly, one can define the intersection number 



(-1)" a^b 
ai^b 



and the intersection pairing: 

<■, ■) : H,{MJ^^,^,T) X //.(M,/(;^,Z) ^ Z. 

Definition 4.36. Since for any t e S , /(jj) is assumed to be fundamental tame and has the 
same Milnor number fi. We obtain a Z-coefficient local system H® over C* x S whose 
fiber at (t, f) e C* x 5 is //®^j - //„(M,/(;™,Z). Similarly, we can obtain the dual local 
system //® over C* xS with fiber //® ^, = Hn(M, /+'J?, Z). Define the corresponding bundle 
as ffs = i/® (8) C and i/® = i/® gi C. The total space is defined as H,„, = 7/^0 //®. We call 
such bundles as the relative homological Milnor fibrations. 

Note that the fibers have the isomorphism: 

Tjs ^ Tie 

and the intersection pairing / can be thank as the following pairing: 

/://f,,)X//(%,-^Z. 

For (t, t) e S r, we can order each critical point Ka in the way that a < b if and only 
if rniivja) < m\{mb), where ma is the critical value corresponding to the critical point Ka- 
Therefore we get the order of the Lefschetz thimbles H^ (t, t) in the fiber i/,® ^, and H? ^, . 

The Z-lattices of the relative homological Milnor fibrations give the flat connection !^top 
of the corresponding bundle which is called the topological Gauss-Manin connection. Let 
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l(s),s e [-l,l]bea path in one chamber of S ,-, then the parallel transportation by Stop will 
not change the homotopy type of the Lefschetz thimbles ^a(T, t)"^ and preserve the order. 

Now we consider a path l(s), s e [-1, 1] in 5, „ go from the chamber chamT to the 
chamber cham^ and intersect with the wall only at s = 0. Let '^a^~) i%7i+)) be the basis 
of the fibration at chamber chamT (charn^). We assume that the positions of the critical 
values TUi and nij+i have been changed and the other critical values keep fixed. Then the 
wall-crossing formula changes the relative positions of only two critical values among all 
critical values. 

Theorem 4.37 (Wall-crossing formula). Let {Ka{+iyf^^^ be the set of the ordered critical 
points at s — ±1. Assume without loss of generality that Ka(+l) — Ka is fixed for a + i, 
Ka(s - ±1) = Kai+l) and im(ziJi(0)) = im(TD-,+i). 

If the perturbation satisfies Reiwiis)) < Re(cT,+i), we have the left transformation 

r(+) = '^•;i(-) + U*,(M)-'^r(-), (255) 

?.;i(+) = ^~(-) 

where li+^i+iy — #{'^^^(s = 0) Pi '^j^^) is the intersection number of the stable manifold of 
the critical point Ki(s — 0) with the unstable manifold of the critical point /cz+i. 

If the perturbation satisfies Re(zi7,(j')) > Re(tir,+i), we have the right transformation 

''^-{+) = •r^-(-), Vfl ^ /, / + 1 

■^■-(+) = '^-;i(-), (256) 

,^-l(+) = '^.-(-) + /,•^(,•.l)-'^.;,(-) . 

Proof. The proof is similar to the case M - C". The reader can see IE]. □ 

Similarly, one can get the transformation formula of the dual Lefschetz thimbles in H®. 

Since the connection &,op is flat, the parallel transportation along a closed loop y e 
7Ti(S,„, (to, fo)) defines the monodromy action h* on the fiber //?. ^ ,. The action is inde- 
pendent on the representative element in its homotopy class [y] in 7Ti(Sm,{To,to)). Thus 
we have the monodromy representation: 

T : 7ri{S„„(TQ,to)) -> Auti/^^^,^, : [y] ^ h;. 

Fix a basis in //® ^ , and let it moves along a loop in S„,. When the loop crosses the wall 
of each chamber, the basis will be changed because the two vicinal critical points will 
exchange instantons. The explicit representation is given by the Wall-crossing formula, 
Theorem l4.37l Therefore, it is easy to see the following conclusion holds: 

Proposition 4.38. Let Ij^ — {(e'^ro, f())|0 e [0, In]} be a loop in S „. Then the isomorphism 
h*j e Aut(//® ^ ) induced by the parallel transportation by 'Stop along I is the same as the 
monodromy transformation T. 

4.3.2. Witten index and intersection matrix . 

Let (to, fo) £ 5, be the base point and {^^{0)] be a ordered basis of Hf. The special 
path Ij^ - {(e'^TQ, t^))\6 e [0, n}] c S ,„ maps f^ to -f^ and induces the action 

I^ is a reflection about the origin in the image plane C. The base transformation is given 
by 
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where 

( #(%- n ^;), if im f(pa) < im f(ph) 

[ 0, if imf(pa) > im f(ph) 

Similarly, the loop induces another map: 

and the base transformation is given by 

%_M = 'Cin) = (/^)fc/C(0)' (258) 

where 

( #C^; n '^„-), if im f(p„) > imfiph) 

i 0, if im/(pfl) <imf(pb) 

Definition 4.39. We call the transformation group ly^, e End(//® ^ y^f-j t y^ (^"'^ ^w^ ^^ 
the Witten map and the corresponding matrices as the Witten indices. 

Proposition 4.40. Given base point (rcfo) & S r, the monodromy transformation T and 
the Witten maps have the following relations: 

T = (I^f, T = (I^f, /; = ((7^)-')^. (259) 

Proof. The front two identities are obvious since the path defining the Witten maps is half 
the loop defining the monodromy transformation. The third one is true since we have the 
pairing #('^„-(f) n -^,+(0) = 6„h- □ 

Lemma 4.41. Let P be a parallel transformation along a path j{t) from the fiber //® ^ , 
to Hf , . (or from Hf , , to Hf , J across a wall, then we have P o I^., — li., o P. 

Proof The deformation is given by e'®/y(^), e [0,7r],Te [-1, +1] and the corresponding 
deformation parameters lie on S ,', . It is routine to construct a homotopy exchange I^ ° P 

and P o /± . n 

w 

Definition 4.42. We can also define a non-degenerate symmetric bilinear form in H'?^. for 
any (t, f) e 5^ as follows: fix a basis {'rf^}'^^^, and define 

Iw(K^ K) := (K^ t^(K)) (260) 

Similarly, we can define the non-degenerate symmetric bilinear form Iw in ^S ,> via 7^. 

Via Lemma l4.41l it is easy to get the following result. 

Proposition 4.43. The non-degenerate bilinear form Iw is parallel with respect to the 
topological Gauss-Manin connection &top- Therefore, Iw is well-defined on 5^, which is 
independent of the choice of the basis. 

Remark 4.44. We can extend the intersection pairing /ly, (■, ■) to the whole space C* x 5 
by using isomorphism ( 12541 ) to identify them to the nearby perturbed quantities and then 
show they are independent of the perturbation. Some times we will not distinguish the 
notation Iw to represent the intersection pairing Iw for the same homology group and the 
pairing (■, ■) between two homology groups. 

Remark 4.45. The intersection form (■, ■) gives a symplectic structure on the bundle 
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4.3.3. Poincare duality. 

The intersection number can be expressed as the integration of the dual forms: 



(Iw)a-h^^{K,K}^#(K^K)^ PDC^tl (261) 

where PD : Hn(M, f^^ R) -» H"(M, /, " R) is the Poincare dual operator. Sometimes we 
also denote the integration as the intersection form: 



J«; 



PD(%^) =: {^;, PD(%^)}. (262) 

For simpUcity, we denote / := /(t,) in this part of discussion. 

Definition 4.46. Define J^%'], := H"(M,f-^2,W) and Jif^^^ := H"(M,f^^JyW). Let 

'^^,top, '^^,top be the bundles with fiber at (r, t) to be J^ („!, and .^,0^ respectively. Ob- 
viously, we have 

There is an intersection pairing be tween J^Q^Jp and M'^'^fJ induced by the intersection 
pairing % of the relative homology groups. 

We want to represent those cohomology classes of .^ ,„' and the pairing in differential 
forms and the corresponding integration. 

Let [ac, c - 1, ■ ■ ■ ,/i) be a local frame of J^ consisting of the l} harmonic n-forms. 
Then ac are primitive forms and satisfy 

djac - 0, dfOc - 0. 

Lemma 4.47. Let S^- e'^f^f^a^ and S^- e^^^^f^ * a^. Then S^ and S^ are d-closed 
n-forms on M. 

Proof. We have 

d(e^f+f^ac) = e^f^f\df h +df h +d]ac = 0. 
On the other hand, since *ck^ are closed d-f and d-f forms, S ^ are also closed (i-forms. n 

We have 

JJcd = I acA*ad= I 5; A 5^ 
Jm Jm 



Define 



Assume that 



n;.= r S-, nl,^(-ir r 5,\ 

a I, 



Then we have 



nL = (-1)" r ^^C^;) A s^ = (-!)« Y, \ ^m5, a S-, = (-!)« ;^ i 

and similarly 
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So we obtain 



^M = (-i)"Zn*V*> C-, -Y.^-^'^"' 



d d 

Thus we can prove that 



= (-1)" X r "^adS'd A cls- = Y, n;,^"n 



Proposition 4.48. The real structure tr — M, and the matrices /iy,n ,TV^ ,rj have the 
following relations for (t, t) E C* Y- S r, 

Iw = U-(t, t) ■ t]-\t, t) ■ n+(T, t), M = nn^', g^rj-M. (263) 



Corollary 4.49. The matrices n=''(T, /), (t, t) e C* x S r are nondegenerate matrices, hence 
the spaces ^^^lg„, -^Qtop ^^^ generated by the d-closed forms S^'s and S ^ 's. 

Definition 4.50. The matrix n''(T, f), (t, f) e C* x 5r are called the periodic matrices. 



Definition 4.51. Note that J^q is the Hodge bundle with fiber at (t, f) to be the space of 
A/(^, J -harmonic n-forms. We define the bundle isomorphism tfr^ : J^ — > J^^top as 

[Ma)](T, t) = e^""+-^<"'Q'(T, t), (t, f) e C* X S. (264) 

Similarly, we have the isomorphism i/r® : J^ — > ,^(B,top as 

[i/'®(q')](t, t) = e-f'">-f'">a{T, t), (t, f) e C* x S. (265) 

Define the operator * : M'e^top — > ■^<B,top as 

*(5") = *(e-'^-'a') = g^(j'^j'> * a. 

Note that *a{T, t) is a A_/-harmonic form and lies in M'^ s ,^g'''. 

Proposition 4.52. The following relations hold: 

(1) 

*2 = *2 = (-l)«, (266) 

(2) the diagram below commutes. 







j^e ■ 


' '^e,top 










* 


» 










■^<B ' 


' ■^^®,top 






Definition 4.53. 


Define the pairing 77 in 


'^e,top as 










fi(S\,S 


r^):^{S\,iS-^). 






Plus the real structure tr. 


we can define 


a Hermitian metric 


on Jfe^top 


as 






g(S^,S2 


:) = fi{S\,TR -82) 







(267) 



(268) 



Theorem 4.54. The bundle map i^e provides an isomorphism between two real Hermitian 
holomorphic bundles: {M'q, g, tr) and (J^,top,g, tr) and the same for tff^. 
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Proof. Since the function e^^^ is a real function, the isomorphism i/'® preserves the real 
structure. The other facts are easy to see. Note that if d defines the holomorphic structure 
on .^ejop, the pull-back operator (/Tq ^(d) - e^^^^ ■ d ■ e^^^ -d + df defines the holomorphic 
structure on ,^q. d 

Remark 4.55. The operator * does not correspond to the Witten map I^, since there is 



{I^)^ - T, the monodromy transformation. 

4.3.4. Flat connection and horizontal sections of bundle J'iCe^top- 



Fix (to, fo) e Sr, and let (t, t) e S^J := fr,,) = rf and "^.-(t, t) e H,{Mjg^,Z). 

We know that the n form 5^ - S^(T,t) - e^<^"+^<^"a'a is cZ-closed. Now using the 
formulas 

£>,«. = dfirda, (yda = 5} ■ G ■ mfaa " (B,)*ffi)], 

we have 

DiS- = diie^^^aa) - Tiie^^faa) 
= e^^Hdifaa + Dtaa) 
= {Bdy^fah + ef^f{df{yi)a + 5/(r,-)«) 

^BiSl + d{ef^f{yda). 
This is equivalent to 

V,.5, = d{ef^f{yda). (269) 

Similarly, we have 

V;5- = d{ef^f{rda). (270) 

On the other hand, we can consider the covariant derivative along t direction. We knew 
that 

DrUa = df(—^), (yr)a ^ 8) ■ G ■ (fUa). 

So 



T 

—e 



f^f\{'^-a, + ~df{yr\+df{y,)a\ 



which is equivalent to 
Similarly, we have 



VrS- = -d{ef^f{yr)a)- (271) 

T 



V,5- = \d{ef^f{yr)a). (272) 

T 



In summary, we have 
Lemma 4.56. 

V,5- = dief^hyda), VjS- - fl'(/^^"(ri).) (273) 

VrS- = irf(/+/(y,)J, V,5,- = r«'(e^%r)«)- (274) 

T T 
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Define ja = T^tiydadt' + TAirdadf + (jr)^ + (rf)f e Q'(C* x 5) ® L^A^-HM). We 
have the following result by the above analysis. 

Theorem 4.57. S^ is a closed n-form and integrable over Lefschetz thimble "^^a^r, t). There 
exists a form y,, e Q'(C* X 5) » L^A""'(M) such that 

^5 ; = d.Sef^fy„), a = 1 , ■ ■ ■ , ;U. (275) 

Similar results hold for S^. 

By the above theorem, we obtain the covariant derivatives with respect to the position 
a, 

^n-^(T,t)^0, c= 1,- ■■,//, fl = I,--- ,/i, (276) 

where the matrix 11" - (n^^(T, f))/ix/i well-defined on 5 r is the period matrix which was 
defined before. 

Now for fixed (tq, fo) e S ,■ and '^^(to, fo), the jj. vectors n^(T, t) - (U^^Jt, f), ■ ■ ■ , TI^„(t, tyf , a - 
1 , ■ ■ ■ , // are horizontal sections of the bundle ^Q^top and generate a basis of the C-coefficient 
local system in M'^^op- Furthermore, we can choose 5^ such that n^, a = 1, ■■■,// are in- 
tegral vectors in C , i.e., forms an integral lattice in .ytfejop- 

The period matrix D (r, t) has the expression: 

n- = (n7,---,np (277) 

and is the fundamental solution matrix of the equation: 

%(0 = 0. (278) 

Such identity also impUes the following important conclusion: 

Theorem 4.58. The Cecotti-Vafa equations and the Fantastic equations hold on Ji^^top -^ 
C* X 5m and the connection Si is fiat. 

Proof. Applies the operators in the left hand side of those formulas of Theorem l4. 141 and 
Theorem l4.24l to the frame consisting of the sections Tl^iT, t), then one can get the conclu- 
sion, i^^ = is a natural conclusion. n 

4.3.5. Identification of the connection Stop ond the connection S . 



Lemma 4.59. Assume that (t, t) e S ,-. Let S ^^ be the same as in Theorem \4.57\ and 'if,,f — 
1, ■ ■ ■ ,yu fee the dual cycle ofS^. For any a = 1, ■ ■ ■ ,/i, we have 

d{^J(T, t),S-{T, 0) = = {^J{T, t), mS-{T, t))). (279) 

Proof. Since '^7(t, t) be the dual cycle, we have, 

{^J{T,t),S-{T,t))^6fa, 



and so 

On the other hand, we have 



d{'£;(T,t),s-{T,t))^Q. 



{^f{T,t),S{S-^(T,t)))^0, 

and the conclusion is proved. n 



Theorem 4.60. The connection 2l can be identified with the topological Gauss-Manin 

^,op over S r of the dual bundle M^ejop ' 



connection 3>,op over S r of the dual bundle M^ejop of H^. 
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Proof. Since any local section Sit) of ,J^e^top can be written as the linear combination of 
the product terms g{T, t)S^{T, t), by Lemma l4.59l it is easy to get 

dC^fiT, t), S (t, 0) = ("^/(t-, 0, ^S (t, 0). (280) 

Now if '^7{T,t) is a horizontal section v^.rX.Siiop of the bundle //® and 5^ are the dual 
forms, then we can prove in the same way as in Lemma l4.59l that 

d{^J{T, t),S-{T, t)) = {%op^J{T, f), 5-(t, 0), (281) 

and furthermore, the above equality holds for any section '^7(t, t) of H^. Combining the 
two equalities (1280b and ( 12811) . we actually obtain 

d{'^-{T, t), S-(t, t)) = {^oi/ff-iT, t), S -{T, t)) + CriT, 0, ^S-(t, t)}. 

for any local sections ^^^{tJ) ofH^ and5'"(r, f) of .^,op. This proves the conclusion, n 

4.3.6. Holomorphic structure on M^Qjop. 

Since the (0, 1) part of ^ is integrable, by the celebrated Koszul-Margrange integrability 
theorem (see MDKI . Chapter 2), we know that Jf has a holomorphic structure and the 
holomorphic structure is determined by the (0, 1) part Si^-^ of ^. 

The identity [D,, Dj] - -[B,, Bj\ shows that the curvature D, :- D along the deforma- 
tion direction is 

F^ = -[B,,Bj]. (282) 

Hence usually D is not a flat connection on the Hodge bundle ,^. Similarly the equation 
(8) and (5) in Fantastic equations show that Dj is not flat and the /-direction and the r 
direction has nontrivial curvature. 

4.3.7. Correspondence. 

We can think of the family of the closure of each chamber of 5,- in Sl, as an atlas 
covering 5,Jj. If we fix a basis {'^^] of//® in this chamber, the horizontal sections 11^ whose 
component Il~ca are the integration of 5^ over the fixed cycle "^^r are well defined over the 
closure of each chamber and form a trivialization of the bundle J^,,op- The transformation 
between two chambers is given by the Picard-Lefschetz transformation formula. 

Now the bundle ■M'e.top equipped with the data {Sg,D + D,f),TR,*) can be identified 
with the bundle Jf^jop with the data (H^, !^, f), tr, *). The correspondence is given by 

s- « n- 

D + D^&^d-{B+—) + d-(B+—) 

T T 

Tr O Tr 

is- = s: « m- := n: 

fj(S-,s,) « f,(n-,u,) - <n,-, mi), := (n;)^ ■ ulr' ■ (ut). 

If ttfl, at correspond to 8^,8^ and to 11^, 11^, then it is easy to check that 

f}(U-, n,) = fi(S-,S,) = 7](aa, ah). (283) 

We also have the formula for the pairings: 

{S„is,}^{n-,m,},. (284) 

There is analogous result for Jf^jop- 

Therefore, we have the following conclusion: 
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Theorem 4.61. The correspondence between (Jif^^iop,S^,D+D,7i,TR, *) anc/(j5^_,o^,n^, !^, fi,TR, *) 
is an isomorphism between two real Hennitian bundles with the associated Hermitian con- 
nections. 

Remark 4.62. The data (.^_,op,n^, ^, ^, tr, *) are well-defined on S}^ c S. However, 
since the fiber M'^^top at (r, t) is the dual space of //®, the bundle Mi^jop can be naturally 
extended over S by taking the dual space of H'^^^ for (t, t) e S - Sj^. 

4.4. Deformation of flat connections. At first we discuss the deformation of flat connec- 
tions of the bundle J^ and then the deformation can be transferred to the bundle M'^jop 
with base connection '3. All the conclusions hold if we replace the connection D' by d. 

4.4.1. Holomorphic frame of D. 

By Remark l2.65l if (r, t) e Sm, then we can use the isomorphism /q/, : ,^q ^ ^"/df A 
Q""' to construct a basis a air, t) of J^ ' such that 

aa - ioh(aa) + dfRa, (285) 

where iohifla) is holomorphic and uniquely determined by Og- We call this basis as a 
holomorphic frame of the connection D. Obviously, we have 

d-iaa = 5/(57/?„), d,aa = ~df{d,Ra). (286) 

This shows that for holomorphic frame of D, the following Christoffel symbols vanish: 

{Yi)ab = {T-^ab = {Tf)„b = 0. (287) 

So the connection D has the form D - D' + dm?i holomorphic frame [ag] of the Hodge 
bundle Jf . The Cauchy-Riemann operator d can be decomposed into the sum along r and 
t directions: d = d, + dr- In this frame, we have 

'^ - '^ 
&^D' + d-B- — -B-—. 

T T 

Correspondingly we have the expressions on the topological bundle .y^e^top- The Cecotti- 
Vafa's equations and Fantastic equations also hold in this holomorphic frame. 

4.4.2. Gauge Transformation. 

In holomorphic frame. Equation (1) in Cecotti-Vafa's equation and Equation (1) in the 
Fantastic equations have the following form 

{d,B = 

\- - ,- - (288) 

Proposition 4.63. The following matrix equation: 

(289) 



[5A = (B+f) 
D'A = 



has a local solution A e End( J^) in C* x 5 satisfying the initial condition at a point 
Po = (to, to): 

A(po) = Id. (290) 

and furthermore, A can be chosen to be symmetric w.r.t.the metric rj, i.e., A — A*. 
Remark 4.64. for any number ko eC,A + k^Id is also a solution of ( 1289b . 
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Proof. Since the R.H.S. of the first equation satisfies the integrable condition: 

-- ^ - - - - 1-- 
d{B + — ) = d,B + drB + -5,^ = 0, 

T T 



where we used the equation ( 12881 ). Plus the second gauge equation and by Cauchy- 
Kovalevski theorem, we have the conclusion. 

Due to fact that the connections D',daie metric connection w.rt. rj or g and the operator 
B + ^ is symmetric w.rt rj, we can choose the solution A to be symmetric. n 

Lemma 4.65. The solution A in Proposition \4.63\ satisfies the commutation relations: 

'^ 
[5A,A] = [B+— ,A] =0. (291) 

T 

Proof. By the CV and Fantastic equations, we can easily check that 

- - '^ - '?/ 

d{[B + — , A]) = D'{[B + — , A]) = 0. 

T T 

Hence [B + ^, A] is a constant, but by normalization condition A{p(,) - Id, we know that 
it must be zero. n 

Corollary 4.66. Let A ' be the conjugate operator of A with respect to the metric g. Then 

we have 

fD'A I = B + ^ 

{- , ^ (292) 

[5A' =0, 

and 

(A+)* = A*, [A^ B + — ] = 0. (293) 

T 

Proof Taking the conjugate of Equation ( |289l l, we have 

(5A)^ = (B+— )' =B+— . 

T T 

Compute the matrix (5A)' . We have 

g(,(dA)'^aa,ab) = §(«„, (5A)ai) 
=§(Q'a, ^(Affi)) - g(A"' "ffa, ~dah) 

=%(A"'a,„ Ub) - g(D'aa,Aah) - {dg^A^Oa, ffi) - g(P\A^aa), a*)) 
=g(D'(A"'aJ-A"'(D'aJ,ai) 
=g([D',A"'"]afl,afc). 
Therefore, we have 

B'A^ ^B+—. 

T 

Similarly, we can prove the other equalities. D 

Proposition 4.67. Define the gauge transformation S = e'*. Then 

S-'^SiS ^V^ + ~d, (294) 

where 

a?/ a/ 

V^ = D' - e-^{B + —)e^ = e-'*(D' - B - —)e^. (295) 

T T 

is a (l,0)-form satisfying: 

(V'^f = 0, [d, V^] = 0. (296) 
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Proof. The direct computation shows that 

1)/ _ _ _ ^ 

S-^^S ^D' +S-^D'S -S-Ub + —)S +d + S-HdS -(B+—)S} 

T T 

^/ - - 'V/ 

^d + D' + e-^D'e^ - e-^{B + — )/ + e'^iM - (B + —)e^) 

T T 

^~d + D' - e-^{B + —)e^ . 

T 

In the above computation, we have implicitly used the commutation relation [5A, A] = 
which was proved in Lemma 14.651 This commutation relation will be used frequently in 
the later computation without saying. 

The other conclusions are the corollary of the fact &^ -Q. u 

4.4.3. One parameter transformation group of fiat connections. 
Now we consider a family of connections: for i e R, 

V^'' = sD' - e-'^^iB + —)e'"^. (297) 

T 

Lemma 4.68. V'^''' satisfies: 

(yG,^-)2 ^ Q^ ^Q^ yG,s-| ^ Q^ ^j^'^ yG,.-| ^ Q (298) 

Proof. The first equality is obvious. For the second one, we have the computation: 

a?/ 
[5, V^-'] ^[d^e-'^isD' -B )e"*] 

T 

=[5, e-'^\{sD' -B )e'^ + e-'^\d, (sD' -B )e'^] 

T T 

=[5, e-'^'MsD' -B )e"* + e-"*[5, (sD' -B )Y^ - e-'^(sD' -B- —)\d, e'^\ 

T T T 

-s^lB + ^, D'] + s l[d, D'] + [B+^,B+—]\-[d,B+ — ]| e'^ 

We have used CV equations and Fantastic equations in the last equality. 

For the third one, we use the relation [D', B + —] - and the fact that D'A - 0, we 

have 

'V/ 
\D', l^-'\ = e'\D', sD'-B ]e-"^ = 0. 

T 

So we are done. n 

Take the derivative with respect to s, one has: 

/J a/ 

V-' := — V^"' = e-"^{D' + [A,B+ —]]e'^. (299) 

OS T 

Note that 

(0/ 

V? .- v'7.0 = D' + [A, B + — ]. (300) 

T 

is a (1, 0)-type connection. 

Using this connection, the other connections at time s can be represented by means of 
the adjoint action and the corresponding integrals. 
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Proposition 4.69. We have the formulas: 

V-' = A£/(e-''*)(V'') = e-™''('^>(V''). (301) 

V^-' = -(B + — ) + (e-^^''('*>)(W^. (302) 

T Jo 

and 

V = D'-D'([A"'",A]) (303) 

V"^"' = iD' - D'(e-''"^^'^\A% (304) 

Theorem 4.70. T/ie connection V satisfies the following identities: 

- 'W 

[d, V] = 0, V?? = 0, 57/ = 0, ^(B + — ) = 0, (V'')2 = (305) 

T 

VA"'' - [B + — , [A"'",A]] - (B + — ) = (306) 

T T 

(307) 

Proof Since g and the real structure is parallel to the connection D, we have (D' +d)ri - 0, 
which is equivalent to D'rj - 0,dri - 0. 
For each s, we have 

(YC,.-)2 ^ Q^ [^^ yG,..-| ^ Q_ 

Take the derivative to the above identities at i = 0, there is 

ViB + — ) = 0, [d, V] = 0. 

T 

Since 

[A, B + — ]* = [B* + — , A*] = [B + — , A] = -[A, B + — ], 
T r T T 

this together with the fact D'r\ - shows that Vt/ = 0. 

Finally, we want to prove (V)^ - 0. We take the derivatives twice to (V'^"')^ = 0, then 

ds ' ds ' c/i^ 

Take j = 0, then we have 

a/ 
(V'')2 = -[B + — , [A, V]]. (308) 

T 

Compute the right hand side, 

ty/ '^ ^ 

-[B + — , [A, V]] = -[[B + — , A], V] + [[B + — , V], A] 

r T T 

= [V'', V] = 2(V'')^ 

where we used the facts that [D' , V] = = V''(B + — ). Replacing the above equality into 
( I308II . we obtain 

(V)^ = 0. 

To prove Equation (1306b . we use Corollarv l4.66l and Proposition |4.69| as follows. Since 

^1,0 ^ v" - [A, B + — ] - (B + — ), 

T T 

we have 

^'•°A^ = D'A+ - [B + — , A'"] ^B+ — -\B+ — ,A^]. 

T T T 
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Hence 

a)/ a/ a)/ a)/ 

[V - [A, B + — ] - (B + — ), A"f] = B + — - [B + —,A\ 

T r T T 

This gives Equation ( 1306b . □ 

Define 

^s ^ (e-^^)*?7 = T]{e"^-,e'''-), B' = Ad(e-^'*)(B), "^^ = Ad(e-"'*)(^). (309) 

It is easy to see the following result hold: 

Proposition 4.71. For any s eR, there is 

- _ '9/ '9/'^ 

[d, V'"] = 0, V^-'ri' = 0, (5 - s{B + — ))/7'' = 0, V'^CB* + —) = 0, (V'O^ = 0. (310) 

T T 

Proof. The second, fourth and fifth equalities are the result of composite computation. The 
third one is easy to see. The first one comes from the identity; 

[D',5]=-[B+— ,B+— ]. 

T T 



AAA. Holomorphic structure of(J^^, 



top^ 



Now we can do gauge transformation to the connection ^ of J^ejop by replacing the 
frame 11^ by 11^' ' :— e "* ■ 11^. In this frame, the connection has the decomposition: 

^ = V + V = 7*^+5. 

and e '* ■Yl^^,a - 1, ■ ■ ■ ,ju are the solutions of the following equations: 

V^3;(0 = 0, 5y(0 = 0. (311) 

The fundamental solution matrix is Yl^'^ :- e^^ ■ li - (e^^ ■ Ilj^, ■ ■ ■ , e^'^ ■ n„). 
In summary, we have the following conclusion: 

Theorem 4.72. Given a holomorphic frame {aa,a — 1, ■ ■ ■ ,ju) of the Hodge bundle .Jif 
with respect to the connection D + D, there is the correspondent frame {S^ = e^'^^Ua, a — 
1, ■ ■ ■ ,yu) of J^iCqjop- The integration ofS^ over the Lefschetz thimbles induces the horizon- 
tal frame {n^,fl — 1, ■ ■ ■ ,ju} of the bundle {J^ejop, ^)- The frame [liZ' ,o - 1, ■ ■ ■ ,/u) is 
the holomorphic and horizontal frame of the bundle {J^.top-,^^^ ■ !^ ■ e^ — V*^ + d). In 
particular, the fundamental solution matrix TI^'''(t, t) gives a holomorphic mapping 

n-''':Sr^GL{p,C)- (312) 

4.5. Monodromy, Picard-Fuchs equation and mixed Hodge structure. 

This section will discuss the global behavior of the bundle J^ejop with flat connection ^ 
over the deformation space C*xS . There are two ways to look at this bundle: The first way 
is that we can fix the parameter t e C* and discuss the restricted bundle J^^op — » S with 
the corresponding structure; the second way is that we can fix the deformation parameter 
t € S and consider the bundle J^^top -^ C*. The second way is naturally related to the 
meromorphic bundle over P' and the Riemann-Hilbert-Birkhoff problem. All we want to 
understand is the monodromy operator, which will give us the grading of the bundle, i.e., 
the mixed Hodge structure of -Jfe^op —^C*xS. 

Above all we take the first consideration and fix the parameter t e C* and consider the 
restricted bundle J^,top — » S . 
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Let /i : C* '^-> C* X 5, i2 : S <^-> C* x 5 be the inclusion map. We consider firstly the 
pull-back structure of the bundle Ji^Q^top ^ C* x 5 to 5 by h. So we fix t = ro and denote 

by/r :=/(T„,o- 

Now J^e^top — > 5 is a flat bundle and the integrable connection Si is the natural ex- 
tension of the topological Gauss-Manin connection Stop defined on ,3^ejop — > S]„. The 
singular complimentary set S - Sl^ is of complex codimension 1. We want to study the 
limit behavior of the geometrical structure around the singular set. 

Note that the set S - Sj„ is the disjoint union of two sets S - S„, and S,„ - 5/„. The 
front set contains more singular points t that /, has degenerate critical points. The rear set 
contains the Morse critical points which are the intersection points of "two walls". 

Because the monodromy transformation T is the same when restricted to the complex 
1 -dimensional space I corresponding to one deformation direction except the direction of 
constant term in /, (See Theorem 4.43 of LZoJ ). We can only consider the deformation 
along this direction. 

Since we are discussing the local deformation, we can assume without loss of generality 
that e 5 - 5 ,'„ and let /, = fo + tz\ (otherwise, we can do a linear coordinate transforation). 
Choose a regular point fo as the base point on /. Since /, is fundamentally tame on M, we 
can choose a loop y c 5 ,'„ n / based on fo such that the interior of f^ ' (y) contains the whole 
critical points of /, for small t e I. 

Since fo is regular, we can choose integral basis in J^^topAi^ i-^-, the dual pairing of the 
elements in this basis with the Lefschetz thimbles are integers. In the integral basis, the 
monodromy matrix T = {h*y^ has integer entries. 

We can also choose the integral basis to be holomorphic. So in holomorphic frame, the 
period matrix is holomorphic and satisfies the following equation: 

v'^n--'' = (4- + r(0)n-''' = o. (3i3) 

at 
Consider the equation satisfied by the parallel section (p(t), 

dd) 

-^+r(O0 = O. (314) 

at 

Because of the instanton exchange phenomenon, the solutions are multiple valued sections. 

One of the fundamental matrix of solutions of this system is the periodic matrix, since the 

period matrix 11 ''' is non degenerate. 

The matrix representation of the monodromy operator T is uniquely determined by a 

basis in J^.top.to- Now we fix a basis of J^^top.to and write 

Notice that the matrix function f* has the same monodromy of the fundamental matrix II"''' 
of solutions. So 

n^''' = z(t)t^, 

such that Z(t) is a single valued function (with possible singularities at t) on S „■ Let C be 
a constant matrix, then we have 

n-'''C = Z(OCf'^ '*'^. 

Therefore, if we choose the suitable initial basis C at to, the matrix R can be reduced to 
the Jordan normal form. At first, this Jordan norm form can be divided into a big block 
diagonal matrix and the number of the big blocks is exactly the number of isolated critical 
points, i.e., the global monodromy matrix can be reduced to the local monodromy group 
Ti around the critical point z,. Secondly the local monodromy group corresponding to a 
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critical point is still a block matrix and each block is a Jordan standard block (still denoted 
by) Ri with all the diagonal entries to be a,-, the entries in the lower diagonal are 1 and other 
entries vanish. Let a,, be the eigenvalue of one Jordan block Ru of the local monodromy 
group Ti. Then 

Rii^ ^aul + Nu., 

where Na is the corresponding nilpotent matrix. In summary, for a local monodromy T,, 
there is the matrix decomposition: 

where Aj - diag(e^'"""i , ■ ■ ■ , e^"'""/ ) is the eigenvalue of T, and T" is the unipotent part of 
the monodromy: 

A^, = -^logr«. (316) 

2m 

Theorem 4.73 (Regularity theorem). The periodic matrix is uniformly bounded near the 
critical points ti e /. In particular, ifOeS- 5, J,, then the periodic matrix is uniformly 
bounded near e I. 

Proof. We can assume that the isolated critical point f, is the origin. Due to the decay 
property of the harmonic forms and the tameness of /o, it is easy to see that the periodic 
matrix n~' ' is uniformly bounded for small t. □ 

Once we have the regularity theorem, the connection matrix of V"^ has the decomposi- 
tion under a (possible meromorphic)gauge transformation at f,: 

r,(0 = r,o/f + r,i(0, 

where F/o is a constant matrix. This fact is based on the singularity study of the coefficient 
matrix r,(f) and the fundamental matrix of solutions of the Picard-Fuchs type equation. 
The detail proof can be found in section 7.3-7.7 of BKull . 

Therefore we can define the residue of the connection V*^ at f, as 

Fo,- =: res,, V^. 

The proof of the following two theorems are the same to that in IIKul . 

Theorem 4.74. The local monodromy group Ti around ti can be extended to the point ti 
such that lim(_»,,, Ti(t) — r,;inf, where 

r/,mf = e-2-'-',^". (317) 

Here r,-,inf is called the infinitesimal monodromy transformation at f,. 
For local monodromy transformation T, around a point f, such that f. has only isolated 
critical point, we have the following monodromy theorem. 

Theorem 4.75. 

(1) Ti can be reduced to the Jordan normal form, and the eigenvalue of each Jordan 
block is the root of unity, i.e., there is a integer N such that Tf is unipotent. 

(2) The size of the Jordan block does not exceed n + I, i.e., {T^ — 7)"^' = 0. 

Proof. The proof is the same to the monodromy theorems appeared in the deformation 
theories, for instance, the deformation theory of projective varieties or the deformation 
theory of singularities (see the comment in |Ku| ). The key point is that the monodromy 
matrix is unimodular integral matrix. n 
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Remark 4.76. The local monodromy transformation T, and the infinitesimal monodromy 
transformation T^ni have the same eigenvalues, since the characteristic polynomial of T, 
has integer coefficients and does not change as the base point to tending to f,. 

Now we study the action of the local or infinitesimal monodromy groups. 

Lemma 4.77. Let Ch be a chamber in S and to e Ch- Then 

-f /(),(«/ — Id. 

Proof. Since Ch is open, there is open set L'^o 3 fo- It suflices to prove that for any loop 
J <z Uo, the monodromy transformation along y is the identity. 

Fix a basis {n\{Q), ■ ■ ■ , n^(0)] of Jfejopjo and assume that {n^(T), ■■ ■ , tt^ (t)) is the par- 
allel transportation by connection V*^ along the loop y, where re [0, 1]. Then the mon- 
odromy group is given by the matrix (n(7r7(0),7r7(l))). If nUQ) is chosen to be the dual 
cocycle of the Lefschetz thimble C^aCO)), a - 1 , ■ ■ ■ ,jj., then 

Since the loop y is in the chamber Ch, the moving of the Lefschetz thimble will not produce 
instantons, i.e., the Lefschetz thimble keep their relative homological classes. Therefore, 
we have 






(1) 



Sij- 



This proves the result. n 

The proof of the above lemma also shows that 

Corollary 4.78. If to is a point on the wall of chambers, then the infinitesimal monodromy 
group r,„,inf is nontrivial. 

4.5.1. Mixed Hodge structure. 

Now fix a point to & Si, and let T e Aut(^„) be the monodromy transformation. By 
monodromy theorem, we can choose a special horizontal basis of J^jop,to such that T can 
be expressed as a Jordan normal matrix: 



(J. 







0^ 



J, 



where 7^, - 



i^J 



1 



1 A 



'/i,,y 



and/ii + ■ ■ ■ + Hi - n. 

So we have the decomposition T - e^"''^ 
Ai - e^"'^' is the eigenvalue of T, and 



= T,Tu, where yS = diagOS^, , ■ ■ ■ ,/3^,), 



1 



^=— logr„ 

Zm 

is nilpotent matrix. Here the matrix A^ is uniquely determined by T and the matrix /? is 
uniquely determined modulo a scalar matrix. 

Now the parallel transportation of the connection V*^ gives a splitting of the bundle over 

'^ m- 

•^Q,ton — ©,-^i Vi, 
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where the subbundles V, correspond to the Jordan block 7, and is generated by the set of 
sections: 

Vi^{n-\{J^,-I3^f>n-^Q]. (318) 

Therefore for any horizontal section n' of .^^ejop, we have the decomposition: 



^ " X ^" ^' ^ ^'• 



If n^ is a section of any subbundle V,, then tt" is said to be homogeneous and is denoted by 
nj^. Its spectrum with respect to fi is defined as PiJ^^) equals to some y6^ . We can shift the 
matrix /? by a scalar matrix such that its minimum spectrum point lies in [0, 1) and denote 
by c the maximum spectrum point. Let Sp(/3) be the spectrum set of the matrix fi. 

On the other hand, we can consider the monodromy transformation of the bundle .^(Bjop - 
S]^, which is the inverse of T . The corresponding matrices are -fi, -N. Now we consider 
the total space M',ot,top - '^ejop © '^(B,top and it has a natural Hodge filtration defined as 
follows. At first, we define the degree of each homogeneous element n - n-(n+) in ,^ejop 
or ,^(B^top by shifting its spectrum by c,i.e., 

deg(7r) = ;6(7r) + c. (319) 

Hence the degree of any homogeneous element lies in the interval [0, 2c] and we denote by 
Adeg the set of degrees of all homogeneous element. 

Definition 4.79. The Hodge filtration F'',^tot,top,P £ Ajeg is a subbundle of M'm,top which 
is generated by all the homogeneous horizontal sections n^ with deg(7r'') <2c - p. There- 
fore, we obtain a decreasing filtration of M'tot,top'- 

c F^^ c ■ ■ ■ c f" = ^. (320) 

With the real operator t«, the lattice i/z generated by the integral horizontal sections of 
■^tot,top, the triple (//z, t«, F'J^,o,jop) is called forming a pure Hodge structure with weight 

A-deg- 

Remark 4.80. In Griffiths' work constructing the variation of polarized Hodge structure 
of smooth projective varieties, the Weil operator has the crucial role which gives an auto- 
morphism of the Hodge bundle with the fixed type. In our case the corresponding operator 
is * operator, which does not preserve the bundle J^^top but exchange J^^top and Jif^jop- 
This is why we take account the total space J^iot,top (or correspondingly J^iot of Hodge 
bundle). 

Since our construction used horizontal sections of J^tot,top, the filtration naturally satis- 
fies the Grifliths' transversality condition: V'^F'' c F^^^ ® Q^(5^). The pairing (0, ifr}j is 
(-1)" symmetric, non-degenerate and satisfies the positivity: 

{(/>, *TR((f))), > 0. 

By the duality of the Gauss-Manin connection ^ with the topological Gauss-Manin con- 
nection %„p, we know that ^ is the metric connection with respect to the nondegenerate 
form (■, ■). We actually proved the following conclusion: 

Tlieorem 4.81. The triple (Hz, ^, {■,■}, F'J^ftot) farms a polarized variation of Hodge 
structure on Sl, with weight Adeg- 

Since V'' preserves the degree of a homogeneous section, it commutes with T, and then 
with r„. So the commutation of the nilpotent operator A^ and V'-' allows us define a weight 
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filtration W, of the bundle J^tot.top over 5^ by the action of the monodromy group such 
that 

(0 NiWd c W,_2, 

(//) A^*^ : Gr,- — > Gr_,. is an isomorphism for r. 
The following conclusion is obvious: 
Theorem 4.82. (Hj,, W,, F') forms a mixed Hodge structure of M'tot,top over Sj„. 

Sometimes we are only interested in a local deformation space of S , for example, in the 
chamber C/,. when considering the local cases, the local monodromy group will become 
smaller. In particular, if we consider the deformation in the chamber C/,, the restricted 
Hodge bundle is semi-simple and can be decomposed as the direct sum of 1 -dimensional 
line bundles. In this case, the weight filtration is trivial. 

Remark 4.83. Once we obtained a polarized VHS, one can define the period domain 
in the flag manifold and study the behavior of the period mapping. For instance, since 
the transversality holds the period mapping is a holomorphic map from 5, to the period 
domain. We can also study the limit Mixed Hodge structure and etc. 

Therefore the concepts and the structures of VHS,period mapping and period domain 
has been generalized to much broad area beyond that has already been seen in complex 
geometry. 

After that a natural problem is to compare the HS we built here with those already 
well-known. We will consider those problems in the forthcoming papers. 

4.5.2. Quasi-homogeneous case. 

Since the monodromy transformation is given by the Picard-Lefschetz transformation 
formula for the Lefschetz thimbles, which is determined by the topology of the manifold 
M, there is no general formula for the monodromy transformation. However, if M = C", 
then the Picard-Lefschetz transformation formula is the same to that for the vanishing 
cycles (see |E|). We have the following conclusion: 

Proposition 4.84. Let f be a holomorphic function on C" with isolated critical point and 
(C",ft) be a strong deformation of the holomorphic function f based on S such that the 
global Milnor number of each f equals to that of f. Then the global monodromy group of 
the corresponding Hodge bundle is the monodromy group of the singularity f : (C", 0) — > 
(C,0). 

Remark 4.85. The miniversal deformation of the simple singularities A„, D„, E6, Ej, E^, 
the hyperbolic singularities Tp^g^- and the parabolic singularities PgjXg, 7io in Arnold's list 
satisfy the requirement in Proposition |4.84| 

If the deformation of a non-degenerate quasi-homogeneous polynomial W satisfying the 
requirements in Proposition |4.84| we have the following properties (see PP. 29 of IKul ): 

Proposition 4.86. The monodromy group T on the deformation space S is semi-simple 
and its eigenvalues are 

n 
A, = e2.'«', / = (/i, ■ ■ ■ , /„) e A, a/ = 2 qj{ij + 1). 

Here A is the index set of the local algebra Qwfi> <^nd ai is actually the degree of the element 
z'dz^ A ■ ■ ■ A <iz" = z'' ■ ■ ■ z'-c/z' A ■ ■ ■ A dz". 
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In this case the monodromy operator is semi-simple and the weight filtration is trivial. 
We can construct the filtration F' for the bundle ,J^tot.top, which is related to the Schrodinger 
operator Ajy as before. The weight is the set Adeg with the maximum degree 2c = 2 2,(1 - 
2qi). If c is an integer, then there is an nonempty subset A^^ c Ajeg which contains all 
integral degrees. The information of the filtration F^ ,p e A^^ was conjectured can be 
identified with the Hodge structure on the hypersurface W = in the projective space P" ' 
(see BCell ). This is just the B side of Gepner's idea IGeJ about LG/CY correspondence. 
We will also check this point in our future study. 

4.5.3. A family of flat bundles over C* . Now we consider the inclusion ;, := ii : C* "-^ 

C* X Sl, and the pull-back structure (i*J^,ot,top — » C*, i*{&))- i*,{&) is the induced connec- 
tion and has the splitting: 

/;(^) = /;(vC) + 5,. 

Since V^ = 5 - e-^<''*(B + ^dr), we have 

,;(V-)^..-""''"f-^-'^^^^r. (321) 

Now the horizontal section ^(t, t) still satisfies the above complex o.d.e: 

dy(T,t) ( e-^^^^-'H^riTj)) ] ,,--, 

-^^^[ r j^- ^'''^ 

Since we are interested in the case of t — > oo, we change the coordinate: t - l/s. So 
dr = -s^ds and the equation (I322l i becomes 

dy(T,s) l e-'^^(-''\^AT,t)) \ ,---, 

—■ = - \y. (323) 

ds \ s ) 

Combining with Theorem l4.72l we have the following interesting conclusion. 

Theorem 4.87. The fi vectors {Tl„'^(l/s,t), a = I,--- ,1-1} satisfy simultaneously the fol- 
lowing two equations: 

[Vfy = 

dyJT.s) _ (e--"^"''-'>('^r(l/'',t))\ (324) 



ds 



/ {■-'■^'■^"/'■■''C%V(l/j,0) \ 



y- 



Now for fixed t e 5^(t), rf has yu nondegenerate critical points and it is possible that 
for some r there are 3 critical values having the same imaginary parts. The solutions 
n^' (t, t) are not well-defined at those points and there is monodromy around these points. 



Therefore the equation ( 13231 ) has more singular points except 0, 00. Equation ( 13231 ) gives 
a monodromy deformation of o.d.e. The study of such o.d.e. is related to the Riemann- 
Hilbert problem, Painleve equations and other integrable systems. 

4.6. Period matrix, Primitive vector and flat coordinate systems. 

4.6. 1 . Computation of the period matrix. 

At the first glance, it seems that the computation of the period matrix needs to solve 
the Schrodinger equation, which is almost an impossible task. However, Under some mild 
assumption to the section bundle system (M, g, f) and its deformation, we can give the 
explicit formula of the period matrix, equivalently this gives the formula of the horizontal 
sections, which is the solution of the Gauss-Manin connection. 

Let (M, g, f) be a strongly tame section-bundle system and M be stein. Let (r, t) e S r 
and consider the deformation fr^,) = t/,. 
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Remember that we have by Theorem l2.66l an isomorphism 

ioh : J^ -^ J^hoi - ^"/df(T,f) A D."' , 
given by 

aa = iohiaa) + df^,,,Ra- (325) 

where Ra is a smooth (n - l)-form. 
At first we prove an important lemma. 

Lemma 4.88. Let {»«, a — \,- ■ ■ ,ijl] be a frame of the Hodge bundle J^ over an open 
neighborhood U. Let R be a smooth n — \ form in U. If at any point (t, t) e U, there is 



y f \R\- M 



< oo, (326) 

then 

f ef^fdjR^ r ef^fdfR^O. (327) 

In particular, this is true ifR has only polynomial growth. 
Proof. It suffices to prove the first identity. We have 

r ef^f'dfR = I PDi"^;) A ef^fdfR 

= I c„cSt /\e^^^dfR= I Cace'^'f * dc A e^^-f^dfR 
Jm Jm 

= + f Cac(dfR,a,)^0. 

Jm 

Here we have used the L' Stokes theorem and the fact that dlac - 0. a 

Proposition 4.89. If at any (t, t), there is 

yi\(ioh(aa),ab)LA + I I^J ■ m] < oo, 
tr^ Jm I 

then we have 



n-" = (n;;^, ■ ■ ■ , ir^'V, n!'" = (n^;-, ■ ■ ■ , iV,^'/, (328) 



and 



Kb' = ^"^ ■ r e^^^'oUcK/,), n^* = i-lfe^ ■ [ e-f-f * io,,(ab). (329) 

In particular, this is true if f is a polynomial on M. 
Proof. By Equation (I325l l, we have 

r ef^fah^ r ef^fioh{ab)+ f e^^f'dfRb 

= I e^^-^iohiab). 

Similarly, we can prove the formula for 11^^'. 

If / is polynomial, then fj^) is polynomial and the generators in Q."(M)/dfj,)AQ."^^{M) 
has only polynomial growth and the function Ra can be chosen has only polynomial growth. 

D 
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Choose {an} to be a unit frame of the Hodge bundle Jif. We can apply the above formula 
to the strong tame deformation of a nondegenerate quasi-homogeneous polynomial. 

Corollary 4.90. Let (C", W) be a strongly tame section-bundle system with W a nondegen- 
erate quasihomogeneous polynomial. Let Wt, t — {t\,- ■ ■ , tm) be a strong deformation ofW 
such that diW,i — !,■■■ ,m form a m-dimensionalC-linear vector space in Q," /dW aQ."^^ , 
then the periodic matrix have the following expression: 

np" = (n-'\ ■ ■ ■ , w^l'f, n;-" = (n|:'\ ■ ■ ■ , n;:")^ (330) 

and 

n-f^T"'^e-^ [ e"^+^5,W&i A ■ ■ ■ A Jz„, (331) 

n;/' = (-Iff'^V f e-'"^-^ >^diWdzi A ■ ■ ■ A dz„. (332) 

for I < a < /J., I < i < m. 

Proof. By Theorem l4.27l the growth order of a,- near the critical point is n/2 as \t\ — > oo, 
hence we have iohia,) - T"^^diW, which has only polynomial growth, and since ai(T, t) is 
exponentially decaying, we have 



J]\iT"'^diW,aaM<oo. 



i,b 

So we are done. D 

Similarly, we have the following conclusion: 

Corollary 4.91. Let ((C*)", ^ A ■ ■ ■ A -^, Tf) be a strong deformation of nondegenerate 
and convenient Laurent polynomials. Let dif, i — 1 , • ■ ■ , mform a m-dimensional C-linear 
vector space in £1" /df A Q""\ then the periodic matrix have the following expression: 

n:-'' = (n:;'', ■ ■ • , n-'')^, nl-'' = (n|;*, ■ ■ ■ , n^:*)^, (333) 

and 

n-:" = T«/V^- f e-/+^5,/^ A ■ ■ ■ A ^ (334) 

nY' = (-l)«f«/V ■ f e-^f-^*dJ^A---A^, (335) 

J<C Zl Zn 

for 1 < fl < /i, 1 < / < OT. 
4.6.2. Primitive vector . 

Assume that the set of {djf(T,r),j = 1, ■ ■ ■ ,?«), where m = dim 5, forms a partial basis 
of the algebra in QP{M)ldfrj)Q."^^{M) and corresponds to the set {aj,j - 1, ■ ■ ■ ,m) of 
holomorphic frame of harmonic n forms. Then the m vector Tr.'\j - \,- ■ ■ ,ii can be 
expressed by the vector III^'" as below: 

Proposition 4.92. 

n:-'' = djYr{° (336) 

Tdrir{° = e-'"^^^\%) ■ n~'° (337) 



(338) 
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where 

11'° - rn '° ■ ■ ■ 11'°)^ 

n-° = T"/2-ie-^ . r e^/+^/£/zi A ■■■Adz". 

Proof. By Proposition l4.89l and the fact that dA - 0, we have 
n;f=e-'*- f e'f*''fdjfdzih^--hdz„ 

Similarly, using the fact that djA = we can prove the second identity. D 

Analogously, the m vector Hj, y - 1, ■ ■ ■ ,/i can be expressed as the derivatives of an- 

n} = dj^\\ (339) 



r;°. 



other vector n| 



where 



n^'° = di^'" ■ ■ ■ n^'°/ 






(340) 



In particular, we have the identity: 



1__,, _.„ 1, 



n:'° = -n:''',n;'° = -n| (34i) 

Furthermore, if /(^fj is a universal deformation of t/, then all the horizontal sections 
rifl' '(n^ ), a -!,■■■ ,ij are generated by the section nj^'°(n|'°). 

Definition 4.93. Assume that /(j ,) is a universal deformation of t/. The vector nj^'°(n|'°) 
is called the primitive vector (imitating Saito's notation BSailll ). since the period matrices 
can be obtained by taking the Jacobi matrix of the map n~'° or n|'° : 

5(n::°,--- ,n":°) a(n;:°,--- ,nY) 

5(fl,---,g ' 5(fl,---,f^) 

The primitive vector EIj^'" gives a C°° multiple-value mapping: 

n;'° -.Sl^C^. (343) 

Since n|'° is not independent, which can be obtained by n^'°, it suffices to consider 
Ilj^'". For convenience, we denote by Hi :- Tl^'°. 

If we identify the holomorphic frame of -Jfe^top with the frame of the holomorphic tan- 
gent bundle of S and use the pull-back metric of the metric fj on J^^top, then locally the 
primitive vector gives a totally geodesic embedding into the Euclidean space C, i.e., 

^dUi = 0. (344) 



Globally, we can obtain a map: 



Hi : 5,'„ ^ C/T, 



top^ 



where T is the monodromy transformation with respect to our background frame on ,3^q 

Remarli 4.94. An example given by z\+ z\+ z\z\ (singularity of type 7^2,5,5), Page 29 of 
IIKul ) shows that the monodromy T can have infinite order. 
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4.6.3. Flat coordinate system. 

At first we give a lemma on the harmonic coordinate system of a smooth manifold M 
with connection V. 

Definition 4.95. Let {x^ ,■ ■ ■ , x") be a local coordinate system of a chart U c M. If there 
exist n smooth functions u' - u'(x\ ■ ■ ■ , x") such that the Jacobi matrix J - „;",''"' ^ does 
not vanish on U and satisfy 

Vc/m'=0,/ = I,--- ,n, (345) 

then (m\ ■ ■ ■ , m") is called a harmonic coordinate system. 

The specialty of the harmonic coordinate system is due to the following known result in 
geometrical analysis (ref. Ool ): 

Proposition 4.96. In harmonic coordinate system, the Christoffel symbols T'.^ vanishes 
and the covariant derivative V,- = di. 

Proof. A simple proof. Vdu" = is equivalent to the identities: 

The Christofi^el symbols under the coordinate system {u"] is 

d df I d ,dtP^ -dt\A d 



-t^ du' 5m* \ df du' du' 'jj dtp 



a 

Tlieorem 4.97. The primitive form is a biholomorphic map from each chamber of S]^ to 
its image in C. 

Proof. The complex Jacobian of Hi : 

5(n„,---,n„i) 



d{t\--- ,ti') 

ab ■ 



is just the period matrix (H ' ), which is nondegenerate by the fact that 



Hence the primitive vector is a biholomorphic map from each chamber of 5^ to its image 
in C^. D 

By the above lemma, we can define the new coordinates in each chamber of 5,',: u - 

Now the complex Jacobian J of the coordinate transformation is the period matrix 11^^' 
which is holomorphic in t and the real Jacobian has the block diagonal matrix: 

Hence in the M-coordinate system, the connection matrix of V*^ vanishes and V"^ = d. 

Definition 4.98. The local holomorphic coordinate systems m = (m', ■ ■ ■ , u^) is called the 
flat coordinate system with respect to the connection V''. In fact, we have constructed a 
family of flat coordinate systems depending on r e C* . 

4.7. Harmonic Higgs bundle and Frobenius manifold. 
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4.7. 1 . Harmonic Higgs bundle. 

We will show that the bundle (J^ejop, 2i) satisfying the Cecotti-Vafa's equations and 
"fantastic" equations will induce many interesting structures,for example, the structure of 
harmonic Higgs bundle 

The definition of the harmonic Higgs bundle can be found in AppendixlAl 
Now we know that the data {.J^ejop, g, tr) forms a real Hermitian holomorphic bundle. 
On the other hand, we have 

Theorem 4.99. The triple (J^e,top,8, B + —) forms a harmonic Higgs bundle over C* x 5 . 
Moreover, if we think t as the parameter, then (J^ top, g, B) forms a family of harmonic 
Higgs bundle over S . 

Proof. At first we know that J^^top has a holomorphic structure with the Hermitian metric 
g and ^ = S'^'° + ^'''' is a Chern connection with respect to g. Here i^°'' gives the 
holomorphic structure on J^^top and the holomorphic parallel frame is given by n^,a - 
1, • • • ,fi. Secondly, B + ^ : .Jife,iop ^ nHC*x5)®^,,op is holomorphic (i.e.,5(B + ^) = 
0) and satisfies the equation (B + ^) A (B + ^) - 0. So B + ^ is a Higgs field on .y^i.rop- 
Finally the connection i^ is a flat connection, which is the conclusion of the Cecotti-Vafa's 
equations and the "fantastic equations". Therefore (^ejop,g, B + — ) is a harmonic Higgs 
bundle. n 

4.7.2. Constructing the Frobenius manifold structure via primitive vector. 

Now we assume that the deformation fjj) satisfies the "SUBBUNLE" condition: 

(1) The elements iho(djf(T,i)), j - 1, ■ ■ ■ ,ni generates a subbundle J^„ of ,j^. 

(2) /M)(5i/(r,o) = imirdz' A ■ ■ ■ A dz") = T-"l^ai. 

(3) There is a perpendicular decomposition: J^ - J^, © J^„^ with respect to g such 
that ,^m is the invariant subspace of Jf under the action of all djf(j,t). 

If the strong deformation satisfies the above splitting condition, then we can restrict 
our discussion on J^„. In this case, the number of the deformation parameters equals the 
dimension of the space MU of the n-harmonic forms. So without loss of generality, we 
assume that m - jj and J^m - J^- 

In this part, we set t = 1 . For simplicity, we ignore the discussion of the Euler field and 
leave the related topic in future paper 

We want to construct the Frobenius manifold structure on the holomorphic tangent space 
TSl^ with flat coordinates (mi, ■ ■ ■ , m^,) via the primitive vector Let us recall the definition 
of Frobenius manifold which was introduced by Dubrovin QDul . We follow the description 
of Manin | Ma | (with some change of the notations) . 

Definition 4.100. Let 5 be a complex manifold. Consider a triple (TS,g,A) consisting of 
an affine flat structure, a metric and a (0, 3) type symmetric tensor A such that the following 
structures hold: 

(1) Define an ^s -linear symmetric multiplication o - o^^ on TS by: 

A(X, Y, Z) = g{X o y, Z) = g(X, Y o Z). (347) 

If ( |347| l holds, then we say that the metric is invariant with respect to the multipli- 
cation. (TS,g,A, o) is called a pre-Frobenius manifold. 

(2) If in addition, for any point on S there is a potential function Fq defined locally 
such that for any flat local tangent fields X, Y, Z 

AiX, Y, Z) = iXYZ)Fo, (348) 

then the pre-Frobenius manifold is called potential. 
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(3) A pre-Frobenius manifold is called associative, if the multiplication o is associa- 
tive. 

(4) A pre-Frobenius manifold is called Frobenius, if it is simultaneously potential and 
associative. 

We still assume that the strong deformation satisfies the requirement in last section. 
We have the bundle j^,,op defined over C* xSl,. By Theorem l4.72l and Theorem l4.99l 
the bundle J^jop has the following structures: 

(1) nondegenerate bilinear symmetric form f), real structure tr and a corresponding 
Hermitian metric g - /)(■, tr-); 

(2) Gauss-Manin connection & - W'~' +d which is the Chern connection of iJ^e,top,g)- 

(3) Flat structure given by the horizontal (multivalued) sections {S^, a - 1, ■ ■ ■ ,//) or 

(4) Higgs field B - B/df - {Bj)aba" ®a'^® df which is holomorphic. 

In particular, the pairing i) and the metric g is holomorphic, since we have the relation 
fjab = fli^a^^],) - ^((^a^o^b) - Vab^ ^nd the later is holomorphic. Since the real structure 
commutes with d, so g is holomorphic also. 

Note that B has the following representation: 

{Bi)ab = flidifs-, si) = 77((5,/)a„, ah) = f (5,/)a„ A *ai. (349) 

Jm 

By Theorem 14.971 the primitive vector IIi is a non-singular holomorphic section of 

Hi : 5„, -^ ,^. 

We can use it to shift all the structures on J^ejop to the holomorphic tangent bundle TS],^. 
This is done by defining the map: 

111 • ^ ^ m ~^ J^,topj 

given by 

X^LxiB)-ni, 
where ix means the contraction with X. 

Proposition 4.101. If we choose Ilj — djYli — Yl~'. as the frame on the bundle J^ejop, 
then we have 



Proof We have 



Hi (5,) = n,,;=l, ■■■,//, (350) 

fii(5,) = {Bj)\na = f'f)((djf)si,s-,)n. 



So we can define the structures on the tangent bundle TS^^: 

V'™ = n;(VC), 7,'"" = fi;(77), e := (fli)-'(ni) = di. (351) 

Lemma 4.102. The following conclusions hold: 

(1) V™ is a torsion-free, and fiat connection and satisfies: V'™;;'™ - 0. 

(2) V""'e = 0. 
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Proof. We have 

(v'°")2 = n^cv"^ o v^) = 0, v""'//'™ = n;(v'^^) = o, v'""e = njcv^no = o. 

On the other hand, we have 

v;-'5, - v^dj = v^xni(5,)) - v«(n,(5,)) 

=V^XBa- ■ no - VliBj ■ no = ^-Aa,(VC£) ■ Hi + o = o. 
This proves that V™ is torsion-free. n 

Now we define the multiplication in the tangent bundle TS]^: 

n,{X o Y) := {ixB)ny(Y) = {LxB){iYB)n,. (352) 

Lemma 4.103. The following conclusions hold: 

(1) 77ie multiplication o /^ commutative: X oY - Y o X. 

(2) e w f/ie unit field such that e o X — X. 

(3) 77ie multiplication is compatible with the metric t]'"": 

• T]"'"(X o F, Z) = T]"'"(X, YoZ). 

• 77""'(Xoy,e) = 7;"'"(X,y). 

Proof. The commutativity of o is due to the fact that B AB -0. We have lo^B - ((BOofe) - 
i^ab) = W, which shows that e o X = X. The conclusion (3) is easily obtained by using the 
fact that B - B* with respect to // and hence fj. u 

By the above analysis, we know that e = 5i is an unit field which is parallel with respect 
to V'°" and is the unit of the multiplication o. 

Lemma 4.104. {TS]„,ri,a„, B, o) has pre-Frobenius manifold structure. 

Furthermore, we have 

Theorem 4.105. (TSj„,ri,an,B,o) is potential and associative. Hence it has Frobenius 
manifold structure. 

Proof. To prove the associativity, we need to prove that 

{di o dj) o 5t = di o {dj odk), 

which is equivalent to the identity: 

B-jBl, = B),B'=^, (353) 

This is just the commutation relation [B,, Bk\ - 0. Hence we proved the associativity. 

We can lower down the upper indices in ( 1353b to obtain the following equivalent for- 
mula: 

BijcJl''"Belk = BijcTf^Beik- (354) 

Now we want to show that B is actually an integrable tensor. 

The identity VB = in flat coordinates {mi(t, t),- ■ ■ , u^ij, t)] has the form 

dbBacd - daBbcd- 

This is equivalent to 

diBacddu") = 0. 

By Poincare lemma, there is a matrix Acd such that 

Bacddu" = da(Acd). 
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Since Bacd is symmetric in c and d, we can define the symmetric tensor 

A,d + Adc 
Acd = 



2 
Bacddu" = daiAcd). 
dJAcd) = dc(Aad). 



Acd also satisfies 

Since Bacd = Bead, we have 

This is again equivalent to 

diAaddu") = 0. 
By Poincare lemma again, there exist ^d such that 

Aaddu" = 5(Orf) or A„j = da^d- 

Since Aa^ = Ada, we have 

5„<Dj = dd^„. 
This shows that <^adu" is exact, and by Poincare lemma again there exists a function Fq 
such that 

By our induction, we know that 

Bacd = dadcddFo. (355) 

Hence the pre-Frobenius manifold is potential. 

So we have proved that {TS,t], B, o) is a Frobenius manifold. n 

Now the identity ( 13541 ) is just the WDVV equation. 

dadbdcFQT]"dedddhFQ = dddbdcForfdedadhFi), (356) 

Appendix A. Harmonic Higgs bundle 

Definition A.l (Harmonic Higgs bundle). Let £ be a holomorphic bundle on a complex 
manifold M, which is equipped with a Hermitian non-degenerate sesquilinear form rj (not 
necessary positive) . We say that {E,h) is a Hermitian holomorphic bundle. B is said to 
be a Higgs field if B is a holomorphic ^M-linear morphism E — > Q}^ ®ff^ E satisfying 
B /\ B -Q. (E, B) is said to be a Higgs bundle. 

Let (£, h, B) be a Hermitian holomorphic bundle with Higgs field B. Suppose that D 
is the Chern connection with respect to h such that D - D' + d" . If the connection 2) - 
D + B + B' is flat, then we say that (E, h, B) is a harmonic Higgs bundle. The integrability 
is equivalent to the following ff*-equations: 

(d"f = 0, d"(B) = 0, B A B = 0; (357) 

{D'f = 0, D'(B') = 0, B' a B' = 0; (358) 

D'(B) = 0, t/"(B') = 0, D'd" + d"D' = -(B A B^ + B^ A B). (359) 

Here B~ means the /i-adjoint of B. 

Definition A.2 (real structure). Let (E, h) be a Hermitian holomorphic bundle, an anti- 
linear operator tr : £ ^ £ is called a real structure if the following conditions hold: 

(1) rl^I- 

(2) /!(tr-,tr-) = /;(■,■); 
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(3) Dim) = 0. 
Obviously h is real on Zsr = ker(T]j; - /). 

One can easily show the following relations: 

D(tr) = <=^ D'tr - TM.d" <=^ TrD' - c/"tr. 

Using the real structure ts, one can define a symmetric quadratic form g on the bundle 
E: 

g(u,v) :^h(u, Tgv). (360) 

Since D is compatible with h and tr, it is easy to show that g is holomorphic and D' is 
compatible with tr, i.e, 

Dig) = 0. (361) 

Let f be a bundle operator, then we can define P* = trP Vr, which is just the ^-adjoint of 
P. 

Definition A.3. A harmonic Higgs bundle [E, h, B) with a real structure tr is called a real 
harmonic Higgs bundle, and denoted by [E, h, B, tr). The tuple {E, h, tr) is called a real 
Hermitian holomorphic bundle. 

Appendix B. Abstract variation Hodge structure and Period domain 

The context of this part is somehow standard and can be found in many books, for 
example, I.CMP.I . I.Ku.l and etc. 

B.0.3. Pure Hodge structure. 

Definition B.l, A pure Hodge structure (HS) of weight A; is a pair {Hz, F', /), where Hz is 
a lattice with finite rank, / is an involution acting on // = Hz ® C and F' is a decreasing 
filtration of H: 

Q^F'' c---cF° = Hc, 
such that 

H^F"®t{F''-p^^) 
for all peZ. 

The HS of weight k defines a Hodge decomposition by: 

HP-'' = F'' n t(F«), 
and 

i.e., 

pk ^ ^kfl^ pk-i ^ ^kx) ^ //H.i^ . .. ^fO^H. 

Definition B.2. hP''' = dime HP''' are called the Hodge numbers with respect to the pure 
HS. 
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B.0.4. Polarized HSs. 



Definition B.3. A polarized HS of weight k is an HS {Hz,F',I] together with a non- 
degenerate integral bilinear form, 

T] : Hz X Hz -^ Z, 

symmetric, if k is even and antisymmetric, if k is odd, and a R-linear transformation C : 
H ^> H (called the generalized Weil operator) such that the Riemannian bilinear relations 
hold: 

77(Ci/',^)>0. 

The bilinear form 77 is called the polarization of the HS F' . 

Example B.4. The deformation of the compact complex manifolds provide the pure Hodge 
structure. 

B.0.5. Mixed Hodge structure. 

Definition B.5. A mixed Hodge structure (MHS) is a triple {Hz, W.,F'), where H-z is a 
lattice, W, is a finite increasing filtration on //q = H-z®Q^®C and F' is a finite decreasing 
filtration on H - He- Denote by W, - W,. Then the two filtrations should induce a HS 
of weight k on the quotient Gr^H := Gr^H := W/c/Wk-i. Here F'Gr^H is the image of 
F' n Wk in Gr^H, i.e., 

F'Gr^H = (Wk nF' + Wk-i)/Wk-i. 

F' is called the Hodge filtration and W, the weight filtration. 

The compatible condition of W, and F' is equivalent to the decomposition for any k, I: 

GrkH = F'GrkH e I(F''-'-^GrkH). 

Definition B.6. Let H''-'' = F^Grp+gH, then Grk = (Sp+gHP'i. The numbers h^'-^ are called 
the Hodge numbers of the MHS (W., F'). 

If there are two MHSs on spaces H and H', then the space of linear mappings Hom(H, H') 
is endowed with a natural MHS, 

Wa Hom(//,//')e = {^ : //q ^ H'^\ip(Wk) c W^^,, Vfe) 

F'' Hom(H, H') ^{ip:H^ H'\ip(F') c (F')'^'',\/l}. 

It is easy to see that 

Hom(H,HT'' = eHom(//'''«,(//')"^'''*^'')- 
A morphism (p,H ^ H' is called a MHS morphism of type (a, a) if 

<p(Wk) c Wi^a' <p(F') c (F't". 

ip is called an MHS morphism if a = 0. An important property of a MHS morphism is their 
compatibility with the two filtrations, i.e., 

ViWk) = Wi^a n im^,^(F') = (F't" n im^(H). 

Therefore the morphism of MHS can be applied to the morphism of complexes of MHS. 
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B.0.6. Weight filtration of a nilpotent operator. 

Let A^ ://—>// be a nilpotent operator on a vector space H, N''^^ = 0. Then there 
exists a unique increasing filtration W, on H: 

■ ■ ■ c W-i c Wo c Wi c ■ • ■ , 

such that 

(0 N{Wi) c Wi-2, 

(ii) N'' : Grr — > Gr^r is an isomorphism for r. 

This filtration is called the weight filtration of a nilpotent operator A^ (with center 0). 

The filtration can be constructed as follows. Take a basis m, such that A^ has the Jordan 
normal form and m, satisfies 

(0 ■■■ 0\ 



1 



, Nui — U2,- ■ ■ , BUq-l — Uq, NUg — 0. 



lo ■■• 1 0) 

Number basis for each block such that the numbers are symmetric relative to and A^ 
decreases the index by 2, i.e., Nui - m,_2, 
(i) if q = 2k + I is odd, then 

U2k, ■ ■ ■ ,U2, Uq, U-2, ■ ■ ■ , U-2k- 

(ii) if q = 2k is even, then 

U2k-1, ■ ■■ , U-i, Ml, ■ ■ ■ , U-(2k-l)- 

Now Wk is defined as the subspace generated by vectors of weight < k. 

We can shift the index of the weight filtration W, such that it is symmetric about the 
index n: define 

W[-n]k := Wk-n- 
So we get a new weight filtration W[-n] satisfying: 

A^*^ : Grn+r — > Gr„_r is an isomorphism for any r. 
Let H_- HI ker(A^) and A^ is the restriction of A^ to H_. Then we have an induced weight 
filtration by A^: W,. On the other hand, we can directly restrict the filtration W,[-n] to H_ 
to get W.[-n]. It is easy to see that the following relation holds: 



W.[-n\ = W[-n - 1].. (362) 

B.0.7. Variation ofHS. 

Definition B.7. A (real) variation of Hodge structure consists of a triple (H, V, F'), where 
H isa real vector space on a complex base manifold 5 , V is a flat connection on H, and F' 
is a filtration of Hq : = // (gi C by holomorphic subbundle which gives the Hodge structure 
in each fiber and which satisfies the following Griffiths's transversality condition: the (1,0) 
part V of the connection V satisfies 

V'(F')cF'-^»D.^'°(S). (363) 

Here the HS on each fiber need not be obtained from an integral lattice. However, in 
most geometrical cases the HS on each fiber comes from a locally constant system of free 
Z-modules. 
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Definition B.8. A polarization of the VHS H consists of an underlying rational structure 

E - Eq,®M. and a nondegenerate bilinear form 

77 : Eq X Eq -> Q, 

where Q is a trivial Q-valued local system on S . 
This form 77 must satisfies the following properties: 

(1) 77 induces a polarization on each fiber; 

(2) 77 is flat with respect to the flat connection V,i.e., 

drjis, s') - rjCVs, s') + t](s, Vs'). 

B.0.8. Period mapping and period domain. Now a polarized VHS defines a monodromy 
representation: 

p : 7ri(5,o) ^ Gq = Aut((£'o)Q, ??), 

where o is a base point. Its image 

r - p(ni(S,o)) c Gq 

is called the monodromy group. 

Definition B.9. Giving an integer k, a lattice Hz and a bilinear form 77 (on the lattice) and 
positive integers h''-'' (which is the dimension of //*''). The space D consists of all polarized 
Hodge structures Hz, H'''^', rj with dimension dimi/'''^ = h''"'' is called the period domain. 

The period domain can be constructed explicitly. The filtration F' with fixed dimension 
/■' = dim F-' is a flag variety and forms a subvariety of a product of Grassmannian varieties 
with the natural complex structure. If the filtration satisfies the first Riemann relation: 

then only the half filtration is free: F'' c ■ ■ ■ c F'', v = [k + 1/2]. Therefore all such filtra- 
tions satisfying the first Riemann relation forms a variety D in the Grassmannian manifold 
associated to the complexified space Hq and fixed dimension of subspaces. 

The second bilinear relation is a positive condition which shows that all such filtrations 
satisfying the first and the second Riemann relations form an open subvariety D in D. 

The variety D and D are actually homogeneous spaces. Let Gc = Aat{H, rf) be the group 
of linear automorphisms of the space H preserving the form 77. Gc acts on D transitively. 
If B is an isotropic subgroup at a fixed point (a fixed filtration), then 

b = GclB. 

In a suitable basis, B consists of the block-triangular matrices, such a group is called a 
parabolic subgroup. It can be shown that D is smooth. 

Take the subgroup Gr - Aut(//R, 77) c Gc and its subgroup K - BC\ Gr {K is compact, 
since the restriction to the quotient spaces F^ /F^'^ are orthogonal groups). We have 

D = Gr/K. 

The following proposition can be found in PR 143 of BCMPl . 

Proposition B.IO. Let D — Gr/ZT be a period domain for weight k Hodge structures with 
Hodge numbers /i'^'*, p — 0,- ■ ■ ,k. 

(1) If k — 2m + 1, the form 77 is antisymmetric and then G — 5/?(77,R), where n — 
dime He, andK = Y\p<m UihP'"). 
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(2) If k — 2m, the form rj is symmetric and G — SO(s,t), where s is the sum of 
the Hodge numbers h''''^ with p even, while t is the sum of the remaining Hodge 
numbers. Here we have K = n;,<i Uih''''' X S 0(h"'''")). 

Definition B.ll. Let (//, V, F') be a VHS over a complex manifold S (or analytic space). 
Then each fiber of the bundle H gives a point in the period domain D = G/K. Hence this 
gives a mapping 

which is a multivalued mapping because of the action of the monodromy group T. Since F 
is discrete, we can push down ^ to get a singular valued mapping: 

,^ -.s ^ D/r. 

^ is called the period mapping. Here the space D/F becomes a complex orbifold. 

The following result is well-known. 

Tlieorem B.12 (Grifliths Transversally Theorem). Let (H, V, F') be a VHS. Then the sub- 
bundle F^ and the period mapping ^ are holomorphic. 
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